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PREFACE

Mathematics is a wonderful subject because its content is so rich, diverse, and deep but what
is more, everything in it is true. That is why students enjoy applying what they have learnt to
a wide variety of questions. The fifty problems here are presented under five broad headings:
Number, Algebra, Geometry, Chance and combinations, and Movement. These wide fields
cover most of the mathematics met at secondary school level. Although the emphasis is on
the mathematics itself, solving the problems allows us to comprehend many interesting facets
of the world from encryption, to the motion of the planets, to understanding why recessive
gene traits never die out. Many of the processes we see going on around us have underlying
mathematical structures and so cannot be fully understood other than through mathematical
analysis.

The problems are generally not standard exercises but have some degree of novelty or spe-
cial interest that goes with them. The primary purpose is to allow you to do something with
your mathematics rather than merely practise it. Within each part, there is some gradation in
difficulty of the problems. I would hope that any reader could look at some of the problems
and think to themselves that they could figure them out somehow.

This book draws from a wide scope of mathematical notions and for that reason each part
begins with a short summary of the kinds of questions that you are about to see while more
detail on the relevant mathematical ideas and notations involved is to be found at the close
of each part. These reminders do not constitute a complete summary of the subjects touched
upon, nor are the results stated always the most general possible, but they do cover the ideas
that crop up in the course of solving our problems. In this way the reader can find, within the
book itself, what he or she needs for a complete understanding of the solutions.

As you will read, the format consists of posing a question, or sometimes a pair of related
questions, the full solution to which is revealed by simply turning the page. At the close of
each part there is a concluding section that fills in some of the background to the problems
and offers glimpses as to where the accompanying trains of thought lead. There is much to
discover as you read through the book and I hope that you will enjoy it all.

Peter M. Higgins
University of Essex

Colchester UK
2017
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PART 1

Number

Introduction

This problem set involves only ordinary counting numbers 1, 2, 3, · · · and their related
fractions. We begin with questions about prime numbers, then a pair of problems about rep-
resenting numbers as sums of particular types. Problems 4 to 7 concern counting up how
many ways there are of doing something, while Problems 8 amd 9 are about logical deduction.
Problem 8 is about code breaking while Problem 9 involves cunningly gleaning information in
order to eliminate possibilities. The final problem is about exploiting a piece of mathematical
common sense, which is that if we try to put too many things into too few places there has to
be some doubling up.

Since prime numbers, factorization properties, and counting formulae arise in our solu-
tions, there is a short summary of these topics at the end of the chapter that tells you what is
needed in tackling these particular questions.
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PROBLEM 1

What values may primes take?

In 1509 De Bouvelles claimed that at least one of the numbers 6n ± 1 is always prime.

(a) Prove him wrong by finding the smallest positive integer n where his claim fails.

(b) Show that, with two exceptions, every prime number has the form 6n ± 1.
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Problem 1 solution

(a) The claim works quite well at first. For example when n = 15 then 6n – 1 = 89 is prime
(although 6n + 1 = 91 = 7 × 13 is composite, which is to say, not prime). The first value
where his claim fails however is n = 20 for then

6n – 1 = 6 × 20 – 1 = 119 = 7 × 17 and
6n + 1 = 6 × 20 + 1 = 121 = 112,

so that neither of the integers 6n ± 1 is prime when n = 20.

(b) The first two prime numbers, 2 and 3, are not of the form 6n ± 1.

Each positive integer can be expressed in exactly one of the following six forms, 6n, 6n ± 1,
6n ± 2, 6n + 3 as no number is more than 3 places away from some multiple of 6. Indeed, the
six forms occur cyclically in the order 6n – 2, 6n – 1, 6n, 6n + 1, 6n + 2, 6n + 3, after which
the pattern of the cycle repeats indefinitely.

Now clearly each number of the form 6n or 6n ± 2 is even, while every number of the form
6n + 3 is divisible by 3. It follows that, with the obvious exceptions of 2 and 3, only numbers of
the form 6n ± 1 may be prime.

An instance where both the numbers 6n ± 1 are prime is known as a case of twin primes: for
example, (6 × 18) ± 1 gives the twin prime pair of 107 and 109.

Attempts at simple formulae that produce nothing but primes just don’t work. For ex-
ample, an arithmetic sequence f (n) = an + b, n = 1, 2, . . . where a is a positive integer cannot
be a formula for primes in that some of the outputs will be composite. To see this, first note
that f (b) = ab + b = b(a + 1), which can only be prime if b = 1. In the b = 1 case, however,
consider

f (a + 2) = a(a + 2) + 1 = a2 + 2a + 1 = (a + 1)2,

which, being a square greater than 1, is certainly not prime.
Similar arguments can show that replacing f (n) by some polynomial p(n) cannot produce

a formula for primes either although the quadratic polynomial p(n) = n2 + n + 41 is prime for
all values n = 0, 1, 2, . . . , 39. However, it is obvious that putting n = 41 will produce a multiple
of that prime and p(40) is composite as well since

p(40) = 402 + 40 + 41 = 40(40 + 1) + 41 = 40 × 41 + 41 = (40 + 1)41 = 412.
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PROBLEM 2

Hidden binary

On this occasion we offer a pair of problems with their solution having a common thread.

(a) Find a set of ten positive integers such that any number between 1 and 1000 can be
written as a sum using each number no more than once.

(b) Most numbers between 1000 and 2000 can be expressed as the sum of consecutive
positive integers. For example

1557 = 257 + 258 + 259 + 260 + 261 + 262.

Indeed every number between 1000 and 2000 is the sum of consecutive positive integers, except
for one. Which one?

For (a), remember that our standard number notation is base 10, which lets us write every
integer uniquely as a sum of powers of 10. But there is nothing intrinsically special about base
10 and thinking in terms of another base is very helpful for this problem.
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Problem 2 solution

(a) Every number can be written in binary , that is a sum of powers of 2. The first ten powers
of 2 are

1 = 20, 2, 4, 8, 16, 32, 64, 128, 256, 512

so this then is a set of ten numbers that does the trick as we may form the first 210 = 1, 024
non-negative integers from 0 up to 1023 inclusive by taking a suitable sum (see end notes).

(b) By experimenting with small numbers you discover that the only ones that can’t be writ-
ten as a cpi (consecutive positive integer sum) are powers of 2. The only power of 2
between 1000 and 2000 is 210 = 1024, so our answer is:

Every number between 1000 and 2000 is a cpi sum except for 1024.

To prove the general claim that every positive integer n is attainable as a cpi except for
powers of 2, first let us suppose that n has an odd factor and so we may write n = r(2s + 1) with
r, s ≥ 1. We can then write n as

(r – s) + (r – s + 1) + · · · + r + · · · + (r + s – 1) + (r + s) = r(2s + 1) = n ( 1)

as the –s in the first term is cancelled by the +s in the final term, the –s + 1 in the second term
is cancelled by the s – 1 in the second-to-last term, and so on. However, should it happen that
r – s ≤ 0, then (1) does not give a sum of consecutive positive integers. In that event, writing
r – s as –k we see that the sequence (1) begins with a sum of the form:

–k + (–k + 1) + · · · + (–1) + 0 + 1 + · · · + (k – 1) + k = 0.

It follows that we may simply delete the initial 2k + 1 terms of the sum in (1) in order to
represent n as a cpi sum. Indeed it follows that if a positive integer is the sum of consecutive
integers, then it is also a cpi sum.

For example, take n = 44 = 4 × 11 so that r = 4 and s = 5. We then have r – s = –1 and
r + s = 9 and using (1) we get

(–1 + 0 + 1) + 2 + · · · + 9 = 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = 44.

(We need to make sure we haven’t thrown the baby out with the bath water here and that
there are always at least two terms remaining in the sum. However, since r, s ≥ 1 it follows that
k = s – r ≤ s – 1 and so s – k ≥ 1. Hence the number of remaining terms is at least (2s + 1) –
(2k + 1) = 2(s – k) ≥ 2.)

However powers of 2 are unnattainable as sums of consecutive integers. To see this, we look
at a typical cpi sum, n, so that in the following arithmetic progression (see Chapter 2 summary)
k, m ≥ 1:

n=k+(k + 1)+ (k + 2)+· · ·+(k +m)=(m + 1)k+
1
2
m(m + 1)=

1
2
(m + 1)(m + 2k).

If m is even, then m + 1 ≥ 3 is an odd factor of n, while if m is odd then it is m + 2k that is an
odd factor. In either event, n must have an odd factor in its prime decomposition and so no
power of 2 is a sum of consecutive integers.
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PROBLEM 3

How should we write fractions?

More than ever, we rely on decimal expression of fractional parts. However even simple frac-
tions, which are ones that can be written as m

n wherem and n are positive integers, may lead to
infinite decimal expansions: for instance 1

3 = 0 · 3 and 2
13 = 0 · 153846.

Simple fractions do, however, generate recurring decimal expansions and vice versa.

(a) Turn the recurring decimal 0 · 75 into a simple fraction.

One approach is to multiply the given recurring decimal, a say, by 10b, where b is the
length of the recurring block, and then subtract a.

The ancient Egyptians displayed their fractions as sums of different unit fractions. For
example,

9
20

=
1
4
+
1
5
.

This can always be done, although often you will need more than two unit fractions to
do the job.

(b) Express your answer to part (a) in the Egyptian fashion.

The ‘Egyptian’ decomposition is not unique: generally there is more than one decomposi-
tion that does the deed. Here we are considering fractions, m

n , which we assume are less than 1
and have been cancelled down, so thatm and n have no common factor apart from 1.

One approach that will always yield an answer is to keep subtracting the largest unit fraction
that you can from the number you have in hand—you will find the numerator of the remainder
fraction always drops and so, eventually, you will be able to express your original fraction as a
sum of different unit fractions.

The largest reciprocal that you may use in your subtraction is 1
k , where k = � n

m�, which is
the least integer that is greater than or equal to n

m .
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Problem 3 solution

(a) Since the length of the recurring part is just 1, we only need to multiply the number a by
101 = 10 and proceed as follows:

10a = 7 · 55, a = 0 · 75,

and upon subtraction, the recurring parts, being equal, now cancel to give

9a = 7 · 5 – 0 · 7 = 6 · 8 so that 90a = 68

∴ a =
68
90

=
34
45

.

(b) Now � 45
34� = 2, so we therefore subtract 1

2 :

34
45

–
1
2
=
68 – 45
90

=
23
90

.

Next we have � 90
23� = 4, so we next subtract 1

4 :

23
90

–
1
4
=
46 – 45
180

=
1
180

.

Hence we have an Egyptian decomposition:

34
45

=
1
2
+
1
4
+

1
180

.

If you would like to try another example, you should find

6
13

=
1
3
+
1
8
+

1
312

.
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PROBLEM 4

Labelling a cube

(a) The vertices of a cube are labelled with the numbers 1 to 8 so that each face sums to the
same number. Find that number and find such a labelling of the cube.

1 2

7

65

8

34

10

18

26

An unsuccessful vertex labelling.

(b) The same problem applied to the cube’s edges: of course you will need the numbers 1 to
12 this time.

1

2

6

11

10

12

7

3

5

8

4

9

28

26

10

An unsuccessful edge labelling.
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Problem 4 solution

(a) The sum of all the vertices will be

1 + 2 + · · · + 8 =
1
2
(8)(8 + 1) = 4 × 9 = 36.

Each number will lie on 3 faces and so it follows that the sum of all the faces will be
3 × 36 = 108. Given that each face has the same sum, that sum must be 108

6 = 18.
One solution: number the top face clockwise by 1, 7, 2, 8 and the bottom face clockwise

6, 4, 5, 3 with 1 to 6 a vertical edge.

1

2

6

7

3 5

8

4

(b) Reasoning in a similar way, we note that each number will now appear on the edge of 2
faces, so the sum of all the faces will be 2 × 1

2 × 12 × 13 = 156. Again, since there are 6
faces, the common sum of each face must work out as 156

6 = 26. This is one solution, but
you may have found another:

1

2

6

7

10

11

9

12

4

3

5

8
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PROBLEM 5

Map numbering problem

Have you ever noticed that, when following a route on a road map in an atlas, the road passes
over the edge of one page but fails to continue on to the next page, instead jumping to distant
one? This is very awkward when trying to navigate and it is natural to ask if this kind of thing
can be avoided.

The short answer is ‘no’ and we can make this into a problem as follows. Imagine a city
10 miles square that is partitioned into a 10 × 10 grid, with each smaller square representing a
square mile of the town pictured as a page in our road atlas. The pagination of the atlas in effect
writes a number from 1 to 100 on each square of the 10 × 10 grid. We would like to choose
this arrangement so that the difference in numbers assigned to any two adjacent squares is as
small as possible.

1 2 5 10 .   .   .

.   .   .

.   .   .

.   .   .

.

.

.

.

.

.

.

.

.

.

.

.

4 3 6 11

9 8 7 12

16 15 14 13

?

?

Attempt at numbering the squares of the grid.

We would ideally like to make it so that adjacent squares always had adjacent numbers but
that is plainly impossible: a square S not on the edge of the map has four neighbouring squares
so that the difference in the page numbers of S and at least one of its four neighbours must be
at least two.

(a) Prove that two adjacent squares have page numbers that differ by at least 6.

(b) Find a numbering that has a maximum difference between adjacent squares of 10. Is it
possible to do better?
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Problem 5 solution

(a) Given any two squares, S and T, of our grid there is a path from S to T through the inter-
vening squares that is no longer than 2 × 9 = 18: to travel between diagonally opposite
corners you need to make 9 east-west and 9 north-south moves—otherwise we canmove
from S to T in fewer than 18 moves.

We prove that two squares must have numbers that differ by at least 6 by assuming
otherwise and showing that that assumption leads to a contradiction.

Imagine a numbering of the squares from 1 to 100 and suppose further that in this
numbering adjacent squares have numbers that differ by no more than 5. Consider a
path that is as short as possible from square number 1 to square number 100. As wemove
along this path from square 1, the increase in numbering from one square to the next is
no more than 5 and the length of the path is no more than 18. Therefore, the number of
the square at the end of the path is no more than 1 + (5 × 18) = 1 + 90 = 91. However,
this contradicts the fact that the path ends in the square that represents page number 100.
It follows that our assumption that the difference in number between adjacent squares
never exceeds 5 must be false. Therefore, there must be two adjacent squares that have
page numbers that differ by at least 6.

(b) It is easy to number the squares so that the difference between adjacent squares is no
more than 10: just number each row consecutively, the top row being numbered left to
right by 1–10, the second row 11–20, and so on with the final row carrying the numbers
91–100. Each square S has east–west neighbours with numbers that differ by 1 from
that of S, whilst its north–south neighbours differ by 10 from the number of S. The gap
between neighbours is always 1 or 10, but never more than 10.

That is the best we can do. Consider any labelling of the squares of our grid with the num-
bers 1 to 100. Each line of the array (row or column) has a maximum entry. Let r denote the
minimum of these maxima and suppose that the square numbered r is the maximum of row
R. (The argument is similar in the case where r happens to be a column maximum—we just
interchange rows and columns in the following argument.) In other words, the maximum of
row R is r; every other row and every column not containing r has a maximum that exceeds r.

Colour all the squares labelled by a number s ≤ r blue, and colour the rest red. Since r is the
maximum of R it follows that row R is entirely blue. Consider the nine columns that do not
contain r. Each contains a square with label less than r (in row R) and an entry greater than r
(the columnmaximum). Since there are nine such columns, there is at least one column, say C,
for which all of its red squares are labelled at least r + 9. In C there is a red square next to a blue
square and the difference between their labels is then at least (r + 9) – (r – 1) = 10. Therefore a
gap between neighbours in the grid of 10 or more is unavoidable.



PART 1 NUMBER PROBLEM 6 13

PROBLEM 6

Counting the pennies

(a) The USA has coins with values 1c, 5c, 10c, 25c, and 50c.

Find a way of making a dollar using exactly 50 coins.

(b) Find a second solution to the problem.
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Problem 6 solution

Since $1 = 100 cents and all coins except the penny are multiples of 5, the number of pennies
must be a multiple of 5. If that number were 35, the remaining coins would total at least (50 –
35) × 5 = 15 × 5 = 75 and 35 + 75 = 110, exceeding the target total. Clearly if the number of
pennies were less than 35 the target would drift further out of reach. On the other hand, 50
pennies won’t work and therefore the number of pennies in any solution is 40 or 45.

If we try 40 pennies then the remaining 10 coins sum to 100 – 40 = 60c. By the same argu-
ment as in the previous paragraph we see that the number of nickels (5c coins) must be at least
8, but 9 or 10 nickels do not provide a solution.With 8 nickels there is 60 – (8 × 5) = 60 – 40 =
20c remaining to be made up of two coins, which then must be 2 dimes (10c coins). This gives
the first solution:

(40 × 1) + (8 × 5) + (2 × 10) = 100.

Next, let us examine the alternative possibility that the number of pennies is 45, which requires
us to make up 100 – 45 = 55c from 50 – 45 = 5 coins. If the number of nickels is even, we
require 1 quarter to give 55 (as 55 is an odd multiple of 5). Hence we need to make up (55 –
25) = 30c from the 4 remaining coins. Clearly this is only possible with 2 nickels and 2 dimes,
giving a second solution:

(45 × 1) + (2 × 5) + (2 × 10) + (1 × 25) = 100.

If on the other hand the number of nickels were odd, then we cannot use any quarters and we
would have to compile 55c from 5 coins, each of which is a nickel or a dime. However, if there
were just a single nickel, we would need 5 dimes to make 55c, while if we try 3 nickels we need
4 dimes, while 5 (or more) nickels are clearly impossible. Hence there is no other solution to
this problem apart from the two that we have identified.

Changing from dollars to pounds, you may care to try this question. What is the largest
possible value of a collection of silver and copper coins from which it is ‘not’ possible to make
up exactly £1.00? (In Britain there are 1p and 2p copper coins, along with silver coins for 5p,
10p, 20p, and 50p. Answer at the end of the chapter.)
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PROBLEM 7

Counting solutions

(a) How many solutions are there in non-negative integers to the equation:

x1 + x2 + x3 + x4 = 12?

(For example, two different solutions are represented by the sums 2 + 0 + 5 + 5 and
5 + 2 + 5 + 0.)

To help you count, here is another way of thinking of this. A solution can be coded as a
string of 4 – 1 = 3 slashes and 12 dots, with the value of xi equal to the number of dots after the
(i – 1) st slash and before the ith slash. To make this rule work also for the first variable, x1, and
the last variable, xn say, we imagine two additional fixed slashes at the start and end of each
such string. In this way x1 is represented by the number of dots between the fixed left-hand
slash and the movable slash number 1, with a similar comment applying to the last variable,
xn. In this question, n = 4, and leaving out the ‘bookend’ slashes which are taken as read, an
example of a solution is represented by the symbol string

• • • • / • •// • • • • • •.

This string translates as the solution in which x1 = 4, x2 = 2, x3 = 0, and x4 = 6. As a second
solution we might have

/ • • • • • •/ • • • • • /•

which represents the solution for which x1 = 0, x2 = 6, x3 = 5, and x4 = 1.
This alternative way of looking at the set in question should help you to answer our question,

for it now comes down to finding just how many arrangements there are of these types of
strings.

(b) Repeat part (a) but with positive integer solutions only. That is to say, there has to be
at least one dot between any two slashes, so the solution examples pictured above are
now forbidden; the first because it has two slashes without any intervening dots, and the
second as it begins with a (movable) slash.
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Problem 7 solution

(a) We have found a one-to-one correspondence between admissable solutions to our equa-
tion and strings of dots and slashes. The number of dots is given by the right-hand side
of the equation, 12 in this example, while the number of separating slashes is one fewer
than the number of variables, which in our case is 4 – 1 = 3. Each solution can be coded
as such a string of 12 dots and 3 slashes and, conversely, each such string can be inter-
preted as a solution. Since a string of this type is determined once we have chosen the 3
places among the 12 + 3 = 15 possible for the position of our slash symbols, the answer
is then the following binomial coefficient:

(
12 + 4 – 1
4 – 1

)
=
(
15
3

)
=

15!
12!3!

=
15 × 14 × 13

6
= 5 × 7 × 13 = 455.

(b) Another way of thinking of this problem is that we have 12 identical balls that we are to
put into 4 boxes (labelled x1, x2, x3, and x4) and we want to know howmany ways we can
do this while making sure that no box is empty.

Since the balls are identical, we can find all solutions by first placing one ball in each box
and then freely distributing the remaining 12 – 4 = 8 balls in any way we like.We need to know
how many ways that can be done.

The algebraic equivalent of this process comes down to making use of the simple substitu-
tion xi = yi + 1, which gives the equivalent equation in non-negative integers:

y1 + y2 + y3 + y4 = 12 – 4 = 8.

We now have reduced our problem to one that is of the same type as that of part (a), the only
difference being that the number 12 has been replaced by the smaller number 8. As before
then, the answer is given by the corresponding binomial coefficient:

(
8 + 4 – 1
4 – 1

)
=
(
11
3

)
=

11!
8!3!

=
11 × 10 × 9

6
= 11 × 5 × 3 = 165.

In summary, there are 455 solutions to our original problem, 165 of which do not include any
zeros.

Care to try another variant? How many solutions are there satisfying the constraint
0 ≤ x1 < x2 < x3 < x4?
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PROBLEM 8

Cracking codes

A simple secret code is the Caesar cipher, in which each letter is encoded by another that
is a fixed number of spaces ahead in the alphabet. We number the letters of the alphabet
0, 1, · · · , 25 and the key to the code is then just a single number, such as 6. In this case A = 0
would be enciphered as G = 6, B = 1 would be written as H = 7, and so on; for X = 23 we get
23 + 6 = 29 ≡ 3 (mod 26) so that X is encoded as D = 3. Once the number of this cyclic shift
is detected, the interceptor may decipher the message just as easily as the intended receiver.
Caesar ciphers are easy to break as frequently occurring letters such as e and t will be encoded
by letters that occur equally often in the enciphered text. By focussing on short words, the key
will soon be found by anyone who intercepts a fairly long message.

(a) Decipher Caesar’s order to his general:

BQNRR SGD QTAHBNM.

Simple substitution codes where each letter is enciphered by another (fixed) letter are easy to
break using frequency analysis of the appearance of letters in enciphererd messages. For that
reason, the more complex Vigenère cipher, which uses a fixed cycle of Caesar ciphers based
on a secret code word, was the standard approach to military encryption up until the late
nineteenth century. It works as follows. The parties that wish to communicate securely agree
on a secret code word. For the purpose of illustration, we use FREEDOM (although in practice
it is not difficult to use a much longer secret string, making the code much tougher to crack).
The alphabet is written down in the usual cyclic order, except in the first row we start from F,
the second from R, and so on.

A B C D ... Y Z
F G H I J ... E F
R S T U V ... Q R
E F G H I ... D E
E F G H I ... D E
D E F G H ... C D
O P Q R S ... N O
M N O P Q ... L M

For the first letter of our message, we use the first row of the table, enciphering A as G, B as
H, and so on.We encipher the second letter of ourmessage using the second row, so that nowA
will be enciphered not as G but as S, and so on. We encrypt each of the first seven letters of our
message using each of the seven rows of our table. For the eighth letter, we go back to using the
Caesar cipher of the first row, and keep enciphering, using the seven rows in cyclic order.

(b) Decipher the encrypted message GTFHYH that has been encoded using our FREEDOM
Vigenère cipher.
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Problem 8 solution

(a) The shift is 25, or equivalently –1 (mod 26). In other words each letter is replaced by the
one before it in the alphabet, with A = 0 being enciphered as 0 – 1 ≡ 25 = Z. To decipher
the message therefore, just replace each letter by the one following it in the alphabet. In
this case we decode Julius’s command as:

CROSS THE RUBICON.

(b) To decipher, begin with the first row, find the enciphered letter in that row, and go to
the top of the column to decipher it. Repeat with the second letter using the second row,
and so on. In this case

G �→ A, T �→ B, F �→ A, H �→ C, Y �→ U, and H �→ S

so the original message was ABACUS.

Note how the letter A has been encoded as G the first time but as F the second time, while
the two instances of H in the code message stand for different letters. This is what makes the
cipher hard to crack.

Vigenère ciphers are not, however, used any more for serious encryption for they do leave
traces of their structure in very long messages (see end notes for more detail).
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PROBLEM 9

Logic puzzles

Logic puzzles involve taking some given information and searching through the list of all
possibilities, often in the form of a ‘tree’ of related outcomes, to see which possibilities are
consistent with the given facts. Let’s begin with a simple example.

(a) Four children are playing when the window is broken. Alex says that Barbara did it,
Barbara says that Caroline did it, while Caroline and David both say they didn’t see what
happened. Assuming that only the guilty child is not telling the truth, who broke the
window?

(b) Alex and Barbara are trying to guess Caroline’s birthday, which she tells them is one of
the following ten dates:

March 29, 30, 31
July 8, 11

August 27, 30
December 8, 27, 29.

She then teasingly whispers to Alex the correct month, and to Barbara the correct day for her
birthday and tells them that she has done that.

Alex then says, ‘I don’t know Caroline’s birthday, but I do know that Barbara doesn’t know.’
To which Barbara responds, ‘I didn’t know Caroline’s birthday, but now I do!’
Finally, Alex then concludes, ‘In that case, I now know it too!’
When is Caroline’s birthday?
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Problem 9 solution

(a) Barbara did it. Alex said so, and he would only lie if he did it himself. But Barbara did
not blame Alex but rather pointed the finger at Caroline, so it is Barbara that must be
fibbing. (This conclusion is also consistent with Alex, Caroline, and David’s stories.)

(b) What is clever here is that you need to exploit the fact that the participants absolutely
cannot deduce certain things in order for you to tease out more information until, like
them, you know the answer as well.

Alex (who knows the month) knows that Barbara (who knows the day of the month) defin-
itely does not know Caroline’s birthday. It therefore cannot fall either on the 31st March or the
11th July, for in either of those cases Barbara would know the birthday month as well, as those
numbers are only listed once. Hence the month cannot be either March or July, for if it were
one of those months, Alex would be uncertain as to whether or not Barbara knew Caroline’s
birthday. We know therefore that the special day is in either August or December.

Having heard of Alex’s deduction, Barbara proudly announces that she can now figure out
the answer. This allows us to eliminate the 27th, by the following reasoning. Like us, Barbara
has deduced fromwhat Alex has said, thatMarch and July are out. If the birthday were the 27th,
Barbara would still not be able to infer which of the latter twomonths occasioned the birthday.
However, she does know, so the birthday must be either 30th August or 8th or 29th December.
These are all different dates, which is why Barbara, who knows the day of the month, now
knows the complete answer.

Finally, Alex says he now knows as well, which allows us to eliminate December, for if
Caroline were born in December, then Alex still could not decide between the 8th and the 29th.
The only remaining possibility is therefore 30th August, and so that is Caroline’s birthday.
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PROBLEM 10

Pigeonhole tricks

The pigeonhole principle is the observation that if m > n and we place m letters into n pi-
geonholes, then at least one of the slots has more than one letter in it. This amounts to little
more than mathematical common sense yet this idea is used in numerical arguments to yield
quite subtle and surprising conclusions. For example, there are two people in London with
exactly the same number of hairs on their heads. This is because there are about eight million
Londoners and the number of hairs on your head is no more than 1/4 million. In fact, there
must be well over seven million people in the capital for which there is at least one other per-
son in the city with an equally hairy head, as the number of people for which this statement is
false can be no more than 1/4 million. The pigeonhole principle, however, gives us no idea as
to who these people with a hair-number twin might be—we just know they must be there. (In
fact, we implicitly used the principle in our solution to Problem 5 when we argued that there
must be a column where all the red squares are numbered at least r + 9, as this can only be false
for at most eight of the nine columns.)

Here are a pair of number problems that can be solved using the pigeonhole principle.

(a) Let n be a positive integer. Show that any subset, A, that consists of n + 1 members
from the list of the first 2n positive integers, 1, 2, · · · , 2n contains two numbers with
no common factor (apart from 1).

(By way of a hint: focus on the possible gaps between the numbers in your set A.)

(b) All is as in part (a) except this time you are asked to show that one number in Amust be
a divisor of another.

The size, n + 1, of the setA in both problems is as small as we can insist on while still guaran-
teeing the stated outcome in each case. For example, the set of even numbersA = {2, 4, · · · , 2n}
is a subset of {1, 2, · · · , 2n} of size n but each two members of A share the common factor of 2.

Similarly, the setA = {n + 1, n + 2, · · · , 2n} is another subset of {1, 2, · · · , 2n} of size n yet no
number in this set is a divisor of any other as the smallest proper multiple of the least member
of A is 2(n + 1) = 2n + 2, which is greater than any of the given numbers.
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Problem 10 solution

(a) In order to apply the pigeonhole principle, think of the integers 1, 2, · · · , 2n as being
grouped into n pairs as {1, 2}, {3, 4}, · · · , {2n – 1, 2n}. These pairs will act as your n pi-
geonholes. When we draw a set of m = n + 1 members from 1, 2, · · · , 2n so as to form
our set A, we make n + 1 choices from the list of pairs, so that at least one pair, {k, k + 1}
say, is chosen twice, which is to say that both k and k + 1 are in our chosen n-set A.
Hence we have two numbers of the form k, k + 1 that both lie in A. Now two consecutive
integers cannot have any common factor a ≥ 2 as the gap between multiples of a is of
course a, and this observation therefore completes the proof.

This is a sneaky question as it is really about the presence of consecutive integers in the
set A, which is fairly easy to spot once your attention is drawn to it, and the lack of common
factors is then an immediate consequence. The common factor condition masked the true
nature of the problem. Mathematical Olympiad questions are loaded with these distractions in
order to deliberately hide the key to the problem and thereby make the problemmore difficult.
The intention is to give little hint of the solution in the question itself in order to test the
mathematical awareness of the competitors.

(b) This problem is similar but decidely trickier. To facilitate the discussion we shall write
|S| to denote the number of elements of a set S.

Begin with the observation that any natural number t can be factorized uniquely as t = 2km,
where m is odd. If t is itself odd, then of course k = 0 and m = t. At the other extreme, if t is
simply a power of 2 so that t = 2k say, then the odd factor m = 1. Nonetheless, this factoriza-
tion is always available and is unique, the uniqueness being a consequence of the fundamental
theorem of arithmetic.

We call the factor m the odd part of t. Now take t in the range 1 ≤ t ≤ n with t = 2km say.
Then 2t is also in our list 1, 2, · · · , 2n and 2t = 2k+1m. In particular, t and 2t have the same odd
parts. It follows that the set O of odd parts of the numbers 1, 2, · · · , 2n has at most nmembers.

We now take O for our set of mail slots and each number t = 2km from our set A is mailed
to its odd part,m in O. Then

|A| = n + 1 > n ≥ |O|,

and so it follows from the pigeonhole principle that two distinct members, a and b of A, have
the same odd part,m. Let us write a = 2km and b = 2lm. It now follows that for the pair a and
b, the smaller of the two numbers is a divisor of the larger integer in the pair, which is the
conclusion we seek.
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Number notes

Integers

The first problem in this opening section refers to the notion of a prime, which is a positive
integer such as 53 that has just two factors, which are necessarily the unavoidable factor pair
consisting of 1 and the number itself. The sequence of primes thus begins p1 = 2, p2 = 3, p3 =
5, · · · , p10 = 29, · · · .

The fundamental theorem of arithmetic is that every positive integer can be written as a
product of primes and, when the primes in the product are written in ascending order, that
factorization is unique. For example, 60 = 22 × 3 × 5.

The fact that there are infinitely many primes follows from the observation of Euclid (circa
300 BC) that if p1, p2, · · · , pn is the list of the first n prime numbers then the integer N = 1 +
p1p2 · · · pn is not divisible by any of these n primes (as each quotient N

pi
leaves a remainder of

1) and so there must be at least one new prime that exceeds pn but is no larger than N itself, as
N must have at least one prime divisor of its own.

Modular arithmetic

Often also known as clock arithmetic or the arithmetic of remainders, modular arithmetic
pervades discussion in elementary number theory. Here we say that, for a given positive integer
n, two integers, a and b, are equal modulo n (more often we use the word congruent) if a –
b = kn for some integer k. We write this as a ≡ b (mod n). For example, 20 ≡ 2 (mod 6) as
20 – 2 = 18 = 3 × 6. The arithmetic of the integers modulo n follows similar but not identical
rules to that of ordinary algebra. We will not call upon the idea too much, except the notation
crops up in the explanation of Problem 8 on coding theory.

Combinations

We will assume familiarity with expansions such as (a + b)2 = a2 + 2ab + b2 and the differ-
ence of two squares: a2 – b2 = (a – b)(a + b). Factorial notation: k! = k(k – 1)(k – 2) · · · 2 will
be used in algebraic facts such as the binomial theorem:

(a + b)n =
n∑

k=0

(
n
k

)
akbn–k ( 2)

where the binomial coefficient is given by(
n
k

)
=

n!
(n – k)!k!

. ( 3)

We conventionally put 0! = 1 so that (3) applies in all cases. Two consequences of these
formulae are

(
n
k

)
=
(

n
n – k

)
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which follows from (3) and

2n =
n∑

k=0

(
n
k

)
. ( 4)

To see the latter, put a = b = 1 in (2). Moreover, 2n is the total number of subsets of a set of
size n, as the right-hand side of (4) sums the number of subsets of size k of a set of size n as k
ranges from 0 up to n.

Complex numbers

Although not required in the previous problem set, so-called imaginary and complex numbers
do arise later and, being numbers, we use this opportunity to outline their properties.

A complex number is an expression of the form z = a + bi where a and b are real numbers
and i denotes the imaginary unit, which has the property that i2 = –1. Two complex numbers,
z = a + bi and w = c + di, may then be added or subtracted directly by components:

z ± w = (a ± c) + (b ± d)i.

To multiply z and w we expand the brackets in the usual way, bearing in mind that i2 = –1:

(a + bi)(c + di) = (ac + bdi2) + adi + bci = (ac – bd) + (ad + bc)i. ( 5)

In order to perform division of the complex numbers, z
w , we need to multiply the quo-

tient top and bottom by the conjugate, w = c – di, as the denominator then becomes the real
number c2 + d2:

a + bi
c + di

· c – di
c – di

=
(ac + bd) + (bc – ad)i

c2 + d2
=
ac + bd
c2 + d2

+
bc – ad
c2 + d2

i. ( 6)

It is not important, however, to memorize either formulae (5) or (6), for rather we just need to
know how to carry out the calculation in any particular case.

A complex number z = x + iymay be written in polar form as

z = reiθ = r(cos θ + i sin θ),

where r =
√
x2 + y2 and tan θ = y

x ; the number r ≥ 0 is the distance of the point P(x, y) in the
plane from the origin, while θ is the angle between the real axis (the x-axis) and the ray from
the origin to P. We then have zn = rneinθ . Operating in reverse gives us what is known as De
Moivre’s theorem for finding the n roots of z = reiθ , which are given by

{r
1
n ei(

θ+2kπ
n ) : 0 ≤ k ≤ n – 1}.
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Comments on number problems

Problem 1 The question as to whether or not there are infinitely many pairs of primes whose
difference is just 2 is an ancient one that suddenly became a hot topic when, in 2013, the
American mathematician, Yitang Zhang proved that for some integer N that is less than 70
million, there are infinitely many pairs of primes that differ by N. A collective effort by a num-
ber of leading number theorists led by the Australian mathematician, Terence Tao reduced,
in stages, this huge value of the bound N down to just 246. Results along these lines have also
been proved by the British number theorist, James Maynard using a different approach to that
of Zhang.

After a long hiatus, progress on this question seems to be moving surprisingly fast but, as
yet, the bound of N = 2 has not been reached, which represents the twin prime conjecture.
However, prior to Zhang’s proof, no one knew if any such bound existed at all.

Problem 2 When expressing numbers in binary, the only numerals we require are 1 and 0,
which respectively indicate the presence or the absence of particular powers of 2 in the sum
that forms the number in question. In order to find the binary representation of, let us say, 707
we first subtract the highest power of 2 that we can from our target number and continue in
this way until we get down to 0. For 707 this gives

707 = 512 + 195 = 512 + 128 + 73 = 512 + 128 + 64 + 9 = 512 + 128 + 64 + 8 + 1.

We would write this in binary notation as 707 = 10110010012, which is a way of saying that
707 = 29 + 27 + 26 + 23 + 20.

(Problem 2(b) appeared in the Engineer’s Magazine email list in June 2011.)

Problem 3 One other curious technique for unit fraction decompositions was found
in a manuscript dated to the period of the fifth to the eighth centuries AD known
as the Akhmim papyrus. This allows for decompositions other than that of the greedy
approach used here where we always subtract the largest reciprocal that we can
when constructing our decomposition into unit fractions. Details can be found at:
https://en.wikipedia.org/wiki/Rhind_Mathematical_Papyrus.

Problem 4 Both of these questions have more than one solution. A tougher problem is that
of finding them all and grouping equivalent ones together, where by equivalent we mean that
one can be converted to the other by rotating the cube about or by reflecting it along diagonals
or planes of symmetry. Of course, we have no right to assume at the outset that there are any
solutions at all. After all, if the cube is replaced by the tetrahedron it is quite easy to see that
there is no way of doing it using the numbers 1–4 for the vertices and the numbers 1–6 for
the edges.

Problem 5 If we generalize this map numbering problem to that of an m × n grid, the argu-
ment of the solution can be used to show that there are neighbouring squares with labels that
differ by at least min{m, n}, and that bound is attainable. The genre of questions represented
by this example is called the class of bandwidth problems, and they did indeed first arise in
electronic engineering.

Problem 6 Answer: £1.43.
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Problem 7 Answer: 11.

Problem 8 To see how Vigenère ciphers are vulnerable, imagine that an interceptor spots that
a fairly long string has cropped up twice in a message. This would be a strong indication that
the repeated string represented a word being encrypted twice starting from the same row of
the table.

If, for example, these two instances of the enciphered word were separated by, let us say,
110 spaces (from the end of the first occurrence to the end of the second), that would indicate
that the length of the Vigenère code word was a factor of 110. The set of factors of 110 is
{1, 2, 5, 10, 55, 110}. The interceptor would then start searching based on these possibilities.

If, for example, the length of the secret word was 55, this would mean that the enciphering
consisted of 55 simple Caesar shifts, which were used over and over again in cyclic order.
The frequency analysis techniques for breaking Caesar shifts could then be applied to each of
them in turn and eventually the entire cipher would be broken, provided that the interceptor
possessed long passages from encoded messages for him or her to work on.

Problem 9 Puzzles of this type, where people make deductions from knowing that other people
absolutely cannot make other deductions, have been around for some time featuring, for ex-
ample, in the collections of Martin Gardner. However, the first version of this puzzle, Cheryl’s
Birthday, appeared online on 10th April 2015, having featured in the Singapore and Asian
Schools Math Olympiad as one problem in a set of 25. Cheryl became an instant source of both
consternation and amusement all over the globe. It is not clear who devised this question but
it was first broadcast on Facebook by Singapore TV presenter Kenneth Kong.

Perhaps the simplest example of knowing because you know others don’t know is the joke
about three logicians that walk into a bar. The barman asks them, ‘Do you all want a drink?’
The first says, ‘I don’t know’, as does the second, whereupon the third logician answers ‘Yes’.



PART 2

Algebra

Introduction

We shall assume some familiarity with algebraic manipulation, taking the solution of linear
and quadratic equations for granted, although the famous formula for solving equations con-
taining squares is presented again in the notes at the end of Part 2, along with the formulae for
summing both arithmetic and geometric progressions.

We also make use of techniques for solving simultaneous linear equations (in Problem 11).
Problems 12 and 13 involve arithmetic recursions and geometric series respectively, the latter
featuring complex numbers (see notes to Part 1). Problem 14 also shows how a trick with
collasping or telescoping sums can be used to find the sums of powers of integers. Problem
15 relates roots of equations to their coefficients—a very important historical theme in the
development of the algebra of equations.

You will need a little differential calculus to do Problem 16, which allows you to find the
surprising limits of some naturally occurring series that are neither arithmetic nor geometric
progressions. Questions 17 and 18 concern special properties of trigonometric functions, while
Problem 19 is a novel question about the speed of convergence to its limit of a particular series.
The final problem is something of a novelty and shows the unexpected solutions to a very
simple looking equation.
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PROBLEM 11

Trading equations

(a) It was reported that the controversial film The Interview, about a fictional assassination
plot of the North Korean leader Kim Jong-un, grossed $15 million income on the week-
end of its release. The film cost $6 to rent, $15 to buy, and two million copies were
distributed overall. However, the article reporting this then said the company did not
say how many copies were rented and how many copies were bought. Can you figure
this out for them?

In the first weekend of sales, how many copies of the film were rented and how many
were bought?

Drawing by Monico Chavez. Reproduced under a creative commons
licence: https://commons.wikimedia.org/wiki/file:kim_jong_un_sketch.jpg

(b) The internet music company MymusiK offers three packages to customers: Standard
at £5/month, DeLuxe at £9/month, and Premium at £20/month. On its first morning
trading,MymusiK attracts 20 customers who collectively pay £244.

How many of each type of package were sold?

Image reproduced from www.classic-motorcycle-build.com
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Problem 11 solution

(a) Working in units of millions and letting r and s denote the number of rentals and sales
respectively, we have the equations:

r + s = 2
6r + 15s = 15.

Multiplying the first equation by 6, giving 6r + 6s = 12, and subtracting the result from
the second equation then gives

9s = 3 and so s =
1
3
, r = 2 – s = 2 –

1
3
=
5
3
.

Therefore, there were 1
3 million sales and 1 2

3 million rentals.

(b) If we let S,D, and P stand for the respective numbers of Standard, DeLuxe, and Premium
units sold, we have two equations, the first of which counts units while the second counts
money:

S + D + P = 20
5S + 9D + 20P = 244.

In general, two equations in three unknowns have infinitely many solutions. However,
we exploit the fact that each of S,D, and P are non-negative integers (not necessarily
positive: zero is possible here).

Multiplying the first equation by 5 and subtracting from the second gives

4D + 15P = 144 so that 15P = (4 × 36) – 4D.

It follows that 15P is a multiple of 4, and hence P is a multiple of 4, so that P = 0, 4, or 8 as,
since D ≥ 0, it is not possible to have P ≥ 12 because 15 × 12 > 12 × 12 = 144.

However, P = 0 or 4 both yield impossible values of D that exceed 20: P = 0 gives D = 36
while P = 4 gives D = 144–60

4 = 21. Hence we must have P = 8, whereupon

D =
144 – (8 × 15)

4
=
24
4

= 6,

and finally

S = 20 – D – P = 20 – 6 – 8 = 6

also.
Therefore, MymusiK sold six of each of the Standard and DeLuxe units and eight of the

Premium model.
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PROBLEM 12

Frog and toad

A centuries-old question that appeared recently on an examination paper in Scotland seemed
to cause much consternation to some, but by no means all, of the candidates. It was based on
what are known as linear recurrences, which are of the following type. Let a and b be constants
(a not equal to 1), put t1 = b, and for n ≥ 1 define

tn+1 = atn + b, n = 1, 2, · · · . ( 7)

(a) Prove by induction or otherwise that

tn =
b(1 – an)
1 – a

, n = 1, 2, · · · . ( 8)

Hence deduce that if 0 < a < 1 the sequence approaches a limit and find that limiting
value.

(b) The controversial frog and toad problem begins with both animals at the bottom of a
fifty foot well. Each day frog climbs up thirty-two feet but loses two thirds of his current
height each night. Similarly toad climbs thirteen feet per day but loses one quarter of his
height when he sleeps at night. In other words, at the end of the (n + 1) st day, frog and
toad are at respective heights fn+1 and tn+1 from the bottom of the well in accordance
with the linear recurrences:

fn+1 =
1
3
fn + 32, f1 = 32 and ( 9)

tn+1 =
3
4
tn + 13, t1 = 13, n = 1, 2, · · · . ( 10)

Which, if either, of the creatures eventually escape the well?



32 PROFESSOR HIGGINS’S PROBLEM COLLECTION

Problem 12 solution

(a) Putting n = 1 we see that (8) holds in this first case as it gives t1 = b. Next, by taking any
n ≥ 1 we obtain from (7), through use of the inductive hypothesis and a little algebraic
simplification:

tn+1 = atn + b = a · b(1 – a
n)

1 – a
+ b =

ab(1 – an) + b(1 – a)
1 – a

=
b(1 – an+1)

1 – a
,

and so the induction continues, thereby establishing the validity of formula (8).
Next, if we are given that 0 < a < 1 then, as n increases without bound, an is stead-

ily decreasing to a limit of 0, from which it follows from (8) that the sequence tn+1
approaches the limit of b

1–a .

(b) The recurrences (9) and (10) are both of this linear type so that formula (8) applies. The
respective parameters, a and b, are a = 1

3 and b = 32 for frog, while a = 3
4 and b = 13 for

toad. The limiting values of upward progress for frog and toad are then

f∞ =
b

1 – a
=

32
1 – 1

3

= 32 × 3
2
= 48 feet, while t∞ =

13
1 – 3

4

= 13 × 4 = 52 feet.

In conclusion, poor frog never escapes the 50 foot well as he is always trapped below the 48
foot mark but toad will eventually gain his freedom.

The candidates for the examination had been taught that the limiting value, L, for a linear
recurrence of the type represented by (7) could be found by substituting L into the recur-
rence itself and solving the resulting linear equation. Applying this principle to (9) and (10)
respectively yields

L =
1
3
L + 32 ⇒ L = 48 for frog and L =

3
4
L + 13 ⇒ L = 52 for toad,

leading to the required conclusion.
Although it did not appear in the paper, another natural question that now arises is to find

just how many days it will take for toad to escape from his prison. Again putting a = 3
4 and

b = 13 into (8) leads us to seek the least value of n so that,

52
(
1 –

(3
4

)n) ≥ 50. ( 11)

(Solution in the Comments section.)
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PROBLEM 13

Geometric series questions

Geometric series are particularly important in mathematics as many results on general series,
such as convergence questions, are settled by bounding a given series by a geometric series (or
progressions as they are often called) as the latter can be explicitly summed. This problem page
consists of a pair of applications of the summation formula for finite GPs.

(a) Simplify the sum

xn + xn–1y + xn–2y2 + · · · + xyn–1 + yn.

Hint: this is a GP—the key is writing down the common ratio, after which you just need
to apply the formula for summing a finite geometric progression as given in the notes at
the end of this set of problems.

(b) This is a problem involving complex numbers. (See the notes at the end of Chapter 1 for
more details.)

Let z = e 2π i
n , where n is an integer greater than 1. Find

∑n–1
k=0 z

k.
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Problem 13 solution

(a) This is a geometric progression with a = xn and r = y
x , so the sum is

xn · 1 –
( y
x

)n+1
1 – y

x
= xn ·

( xn+1–yn+1
xn+1

)
( x–y

x

)
∴ xn + xn–1y + xn–2y2 + · · · + xyn–1 + yn =

xn+1 – yn+1

x – y
.

This result is often arrived at by dividing x – y into xn+1 – yn+1.
This all assumes of course that r = y

x �= 1: if y = x then all terms are simply xn and the
sum is (n + 1)xn.

(b) Applying the sum of a geometric series formula here we obtain

n–1∑
k=0

zk =
1 – zn

1 – z
.

However

zn =
(
e
2π i
n
)n

= e2π i = cos 2π + i sin 2π = 1.

Hence
n–1∑
k=0

zk =
1 – 1
1 – z

= 0.

In words, this result is saying that the sum of all the nth (complex) roots of unity (for
each z = e

2π i
n is such a root) is equal to zero. This is consistent with their symmetric

placement around the rim of the unit disc in the complex plane.

10

i

–i

1–1 0

i

–i

The fifth and the sixth roots of unity lie at the vertices of the inscribed polygons.
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PROBLEM 14

Summing powers of integers

Almost everyone knows that 1 + 2 + · · · + n = 1
2n(n + 1), the nth triangular number, so-called

as the sum of consecutive integers may naturally be displayed as an equilateral triangle, as in
the pins in ten pin bowling (n = 4) and the 15 reds in the triangle at the start of a snooker
frame (n = 5).

Bowling pins and snooker reds.

This formula, in one form or another, has been known since antiquity and the nine-year-
old Karl Friedrich Gauss (1777–1855) famously stunned his teacher by using it to solve, in a
minute, a problem that had been set for his class that the teacher expected would take them an
hour (the n = 100 case).

In this pair of problems we find the arithmetic sum of the first n positive integers in a very
particular way that leads to a recursive procedure for finding sums of powers in general. The
trick relies on the summation on the left telescoping so that all but two terms in the sum are
cancelled, leaving a simple polynomial in n.

(a) Find the sum � = 1 + 2 + · · · + n by summing the identity:

(m + 1)2 –m2 = 2m + 1

fromm = 1 to n.

(b) Similarly, find �2 = 12 + 22 + · · · + n2 by using the identity:

(m + 1)3 –m3 = 3m2 + 3m + 1.
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Problem 14 solution

(a)

n∑
m=1

[(m + 1)2 –m2] =
n∑

m=1

(2m + 1) = 2
n∑

m=1

m +
n∑

m=1

1.

The point in doing this is that the sum of the left now collapses to just two terms:

(
(22 – 12) + (32 – 22) + (42 – 32) + · · · + ((n2 – (n – 1)2) + ((n + 1)2 – n2

)
as the 22 term in the first bracket is cancelled by the –22 in the second, the 32 is cancelled
by the following –32, and so on, with all terms being cancelled except for the final (n + 1)2
and the initial –12. Hence we arrive at

(n + 1)2 – 12 = 2
n∑

m=1

m +
n∑

m=1

1

⇒ n2 + 2n + 1 – 1 =
(
2

n∑
m=1

m
)
+ n

⇒
n∑

m=1

m =
n2 + n
2

=
1
2
n(n + 1).

(b) Wemay use the same approach applied to the difference of consecutive cubes, along with
the formula for the sum of one-powers that we have just derived, in order to find the sum
of consecutive squares:

n∑
m=1

[(m + 1)3 –m3] =
n∑

m=1

(3m2 + 3m + 1)

⇒ (n + 1)3 – 13 = 3
n∑

m=1

m2 + 3
n∑

m=1

m +
n∑

m=1

1

⇒ (n + 1)3 – 13 = 3
n∑

m=1

m2 +
3
2
n(n + 1) + n

⇒ 3
n∑

m=1

m2 = n3 + 3n2 + 3n –
3
2
n2 –

3
2
n – n

⇒
n∑

m=1

m2 =
1
3
(
n3 +

3
2
n2 +

n
2

)

∴
n∑

m=1

m2 =
n
6
(
2n2 + 3n + 1

)
=
n
6
(n + 1)(2n + 1).
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PROBLEM 15

Roots of equations

The coefficients and the roots of a polynomial equation are intimately linked (see the
Part 2 Algebra notes). You will need to exploit these relationships in the following pair of
problems.

(a) Let r and s be the roots of the equation x2 – ax + b = 0. Without solving the equation,
find the value of r2 + s2 and r3 + s3.

Now

(x – r)(x – s) = x2 – ax + b = 0 and so r + s = a and rs = b.

If you then work with the binomial expansions (r + s)n for n = 2 and n = 3 respectively, the
answer comes quite easily. For n = 3 remember you have

(r + s)3 = r3 + 3r2s + 3rs2 + s3.

(b) Find a fourth-degree polynomial with integer coefficients that has as one of its roots
r =

√
2 +

√
7.

Squaring r immediately will not get rid of the square roots as they will reappear in the cross
product. Instead, start with r –

√
2 =

√
7.
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Problem 15 solution

(a) From (r + s)2 = (r2 + s2) + 2rs we get immediately that

r2 + s2 = (r + s)2 – 2rs = a2 – 2b.

In a similar way we may rewrite the binomial expansion of (r + s)3 as

(r + s)3 = (r3 + s3) + 3rs(r + s)
⇒ r3 + s3 = (r + s)3 – 3rs(r + s).

Substituting the known values r + s = a and rs = b into this last equation then gives the
answer:

r3 + s3 = a3 – 3ba = a(a2 – 3b).

(b) Put r =
√
2 +

√
7. Then (r –

√
2)2 = (

√
7)2 = 7, whence

r2 – 2
√
2r + 2 = 7 and so (r2 – 5)2 = (2

√
2r)2 = 8r2

⇒ (r4 – 10r2 + 25) – 8r2 = 0 and so
r4 – 18r2 + 25 = 0.

Therefore, r is a root of the fourth-degree polynomial:

p(x) = x4 – 18x2 + 25.

Solving the corresponding equation p(x) = 0 as a quadratic in x2 will not yield r in the original
form but rather will give you r =

√
9 + 2

√
14. Despite appearances, the two different forms of

the root are equal:

√
9 + 2

√
14 =

√
2 +

√
7.

This equality can be directly checked through the squaring of both sides butmay also be arrived
at without knowing the right-hand side in advance through use of the general identity:

√
A ± √

B =
√
A + C
2

±
√
A – C
2

, where C =
√
A2 – B.

In our example we have A = 9, B = 4 × 14 = 56, and so

C =
√
92 – 56 =

√
81 – 56 =

√
25 = 5.

Substituting these values for A,B, and C returns the expression
√
7 +

√
2 for r.
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PROBLEM 16

Special series

One of the most striking achievements of calculus is how it allows the summation of many
series, providing amazing connections to geometry via these sums. Often these series feature
one or both of the fundamental mathematical constants, e, the base of the natural logarithm,
ln x, and π , which ties the sum to things circular. What is more, these results often come about
very easily. Here are but two of many examples.

(a) By integrating the infinite geometric series

∞∑
n=0

(–x)n =
1

1 + x
( 12)

term-by-term and choosing a special value for x, find the sum S of the series

S = 1 –
1
2
+
1
3
–
1
4
+
1
5
– · · · .

(You will need the fact that
∫ dx

1+x = ln |1 + x| + c.)

(b) Repeat the previous question using the geometric series for 1
1+x2 to find S, the alternating

sum of the reciprocals of the odd integers:

S = 1 –
1
3
+
1
5
–
1
7
+
1
9
– · · · .

(Here you need to know that
∫ dx

1+x2 = arctan x + c.)
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Problem 16 solution

(a) Integrating both sides of the infinite geometric series (12) gives

∞∑
n=0

(–1)nxn+1

n + 1
= ln |1 + x| + c. ( 13)

Putting x = 0 gives 0 = ln 1 + c and so c = 0. Putting x = 1 then gives

S = 1 –
1
2
+
1
3
–
1
4
+ · · · + (–1)n

n + 1
+ · · · = ln 2 ≈ 0 · 6931.

We might tread a little carefully here as the original series (12) does not converge when
x = 1 as it just outputs 1 – 1 + 1 – 1 + · · · , whose finite sums alternate between the values
of 1 and 0, depending on whether we take an odd or an even number of terms.

The series (13), however, does converge for x = 1 as in that case we get the sum S, and
the absolute value of the terms of S approaches zeromonotonically (meaning that the size
of the terms steadily marches down towards zero) and the terms themselves alternate in
sign, which ensures that the series does indeed converge.

(b) By replacing x by x2 in the geometric series (12) we obtain

∞∑
n=0

(–1)nx2n =
1

1 + x2
.

Integrating both sides yields on this occasion

∞∑
n=0

(–1)nx2n+1

2n + 1
= arctan x + c.

Putting x = 0 gives 0 = arctan 0 + c and so c = 0. Putting x = 1 then gives

1 –
1
3
+
1
5
–
1
7
+ · · · + (–1)n

2n + 1
+ · · · = arctan 1 =

π

4
.

Again this series does indeed converge as it is alternating in sign and the absolute value of the
terms monotonically approaches zero.
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PROBLEM 17

Exact values of trigonometric functions

(a) Use the identity

tan(A + B) =
tanA + tanB
1 – tanA tanB

to express tan 75◦ in the form a +
√
b, where a and b are integers.

(b) By using each of the two identites in turn,

cos(A – B) = cosA cosB + sinA sinB, cos 2A = 2 cos2 A – 1,

find the value of cos 15◦ in two different ways.

Of course these problem types presuppose that the trigonometric functions evaluated at
multiples of 30◦ and 45◦ are known. These are derived from consideration of the triangles
below. The lengths and angles follow from symmetry considerations and Pythagoras theorem.

√2

2
2

111

1

60º

30º

45º

√3

For example, sin 45◦ = 1√
2
, tan 60◦ =

√
3, and so on.
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Problem 17 solution

(a) Put A = 45◦ and B = 30◦ in the given identity to obtain

tan 75◦ =
tan 45◦ + tan 30◦

1 – tan 45◦ tan 30◦ =
1 + 1√

3

1 – 1√
3

=
√
3 + 1√
3 – 1

=
(
√
3 + 1)2

(
√
3 – 1)(

√
3 + 1)

=
4 + 2

√
3

3 – 1

= 2 +
√
3.

(b)

cos 15◦ = cos(45◦ – 30◦) = cos 45◦ cos 30◦ + sin 45◦ sin 30◦ =
√
2
2
(√3
2

+
1
2
)
=

=
√
2
4
(√

3 + 1
)
=

√
6 +

√
2

4
.

Or, applying the alternative formula gives

cos2 15◦ =
1
2
(1 + cos 30◦) and so cos2 15◦ =

1
2
(
1 +

√
3
2
)
=
2 +

√
3

4
,

whence cos 15◦ =
1
2

√
2 +

√
3.

Again, the two different looking answers may be directly reconciled through comparing their
squares or by use of the formula given at the end of the solution to Problem 15.
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PROBLEM 18

Cosine questions

(a) cos 20◦ cos 40◦ cos 80◦ is a rational number. Which one?
Hint: The identity sin 2x = 2 sin x cos x is what you need here, although you have to

force a suitable sine term into the calculation and see where it leads.
(b) A completely different but equally surprising feature of the cosine function is the beha-

viour you witness by taking any number and (working in radians) repeatedly hitting the
cosine button on your calculator.

You will find that it always converges, quite quickly, to the same number.

What number is this and what equation are you thereby solving?

0 2

y

x
π–π

π

y = x
y = cos x ?

1

–1

2
π–
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Problem 18 solution

(a) The quickest way to do this is first tomultiply by sin 20◦ and then keep applying the double
angle formula, sin x cos x = 1

2 sin 2x.
With this in mind, put a = cos 20◦ cos 40◦ cos 80◦. Then, following the advice above, we

obtain

a sin 20◦ = sin 20◦ cos 20◦ cos 40◦ cos 80◦ =
1
2
sin 40◦ cos 40◦ cos 80◦

=
1
4
sin 80◦ cos 80◦ =

1
8
sin 160◦ =

1
8
sin 20◦,

where the final equality is justified by the general relationship, sin(180 – x)◦ = sin x◦. We
no longer have need of the factor of sin 20◦, and so we cancel it to obtain

cos 20◦ cos 40◦ cos 80◦ =
1
8
.

Of course, since cos 60◦ = 1
2 we also get

cos 20◦ cos 40◦ cos 60◦ cos 80◦ =
1
16

.

The problem is also approachable using complex numbers, which leads to a set of more
general identities that include this one as a particular case.

(b) To four decimal places, the outcome of hitting the cosine button again and again is the
number c = 0 · 7391(≈ 42.37◦). When the display stabilizes at c, we must therefore have
c = cos c so that x = c is the (unique) solution of the equation x = cos x.

The initial value t that you choose hardly matters as, no matter which number t you select,
–1 ≤ cos t ≤ 1; since cos 0 = 1 and cos x = cos(–x) is always true, in effect, after one iteration
you have a new number, t′, in the range cos 1 = 0 · 5403 ≤ t′ ≤ 1.
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PROBLEM 19

How many terms to get close?

A famous infinite series is the following:

S =
∞∑
n=1

1
n2

.

It comprises an infinite sum of positive terms so it either diverges to +∞, as does for example
the sum of reciprocals,

∑∞
n=1

1
n , or converges to a limit. To prove that it converges to some

limit, we only need to prove that the sum is bounded above by some positive number. This
can be done in a number of ways, one of the quickest being the observation that the sum from
n = 2 to ∞ is less than the area under the curve y = 1

x2 from x = 1 to ∞.

1 4

y

y= 1

0
1 n–1 n n+1

x

x2

2 3 4

Comparing the sum of the series S to the area under the corresponding curve.

In the language of calculus we have

∞∑
n=1

1
n2

= 1 +
∞∑
n=2

1
n2

< 1 +
∫ ∞

1

1
x2

dx = 1 +
[
–
1
x
]∞
1 = 1 + (0 – (–

1
1
)) = 1 + 1 = 2.

Hence the value of S does indeed exist and evidently 1 < S < 2.
It is a standard exercise in what is known as Fourier series, which allow periodic functions

to be written as infinite sums of sine and cosine functions, to show that S = π2

6 ≈ 1 · 6449.
The problem posed here though is quite a different one:
How many terms of Smust be summed in order to get within 1

n of the limit?
To answer this, there is no need to know the value of the limit in terms of π as we have

stated. Indeed, knowing the limit in this sense will not help you at all. Instead, by summing the
first few terms of S, you should be able to guess the answer. Then the problem is to prove your
guess is right! One approach is to continue pursuing the idea of comparing the series to that of
the corresponding integral.
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Problem 19 solution

The answer is a very simple one: the number, k, of terms of S required to approach within 1
n of

the limit is precisely k = n.
We show this in two ways, the simplest being based on comparison with the following

integral:

In =
∫ ∞

n

dx
x2

=
[
–
1
x

]∞
n

= –0 –
(
–
1
n
)
=

1
n
.

We now observe that we get a lower (respectively upper) bound for In by summing the
rectangular areas below (respectively above) the curve as indicated.

y= 1
x2

y

x0
n+2n+1n n+3

In terms of sums we then have
∞∑

k=n+1

1
k2

< In =
1
n

<

∞∑
k=n

1
k2
. ( 14)

The answer to our question now comes from directly interpreting (14), as the first part of the
inequality says that the remainder of S after taking the sum of the first n terms (which is what
the first sum represents) is less than 1

n , while the second inequality says that the remainder
after summing n – 1 terms exceeds 1

n . Therefore, the number k of terms required to approach
within 1

n of the limit of the sum is exactly k = n terms.
A second approach, which does not introduce calculus, is to prove (14) directly, whereupon

the claim follows as before. To see the right-hand side inequality we replace each term of the
series by a smaller one that, through use of partial fractions, gives a suitable telescoping sum:

∞∑
k=n

1
k2

>

∞∑
k=n

1
k(k + 1)

=
∞∑
k=n

(
1
k
–

1
k + 1

) =
1
n
;

to see the last equality, note that each term, – 1
k+1 , is cancelled by the term 1

k+1 that occurs
in the pair of terms that follow – 1

k+1 . The only term that survives this infinite collec-
tion of cancellations is the first term, 1

n . The left-hand inequality comes through a similar
manipulation:

∞∑
k=n+1

1
k2

<

∞∑
k=n+1

1
k(k – 1)

=
∞∑

k=n+1

(
1

k – 1
–
1
k
) =

1
n
.
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PROBLEM 20

Functional equations

(a) Find a linear function, g(x) = cx + d, that is the functional square root of the linear
function f (x) = ax + b where a > 0; that is, we require that g(x) to satisfy

g(g(x)) = f (x).

This is not a difficult problem. An especially interesting case is where f (x) = x. In solving
g(g(x)) = x you are finding all linear functions that are self-inverse, meaning that the original
input number x is retrieved by acting the function twice.

In general, a function, f (x), and its inverse, f –1(x), have graphs that are mirror images of
one another in the line y = x, as reflection in this line in effect swaps the roles of the variables
x and y, meaning that for the inverse function we have x = f (y). For example, the squaring and
square root functions on the positive real numbers show this symmetry.

y

0

(1,1)
y = x

y = x2

xy =

x

1

1

(b) This time find any functional square root, g(x), that you can for the function f (x) = –x.

This looks to be very similar to Problem (a), but it is not. In solving (a), in the course of the
calculation you needed to take the square root of the leading coefficient, a. That coefficient in
this case is –1. If you allow yourself the luxury of complex numbers, the problem can be solved
just as the previous question. However, if you want g(x) to be a real-valued function, you really
need to think outside the proverbial box for there is no linear, indeed no continuous func-
tion, g(x), such that g(g(x)) = –x. There are lots of solutions but they all need to hop around
quite a lot.
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Problem 20 solution

(a) We calculate the form of g(g(x)) and equate it to f (x), thereby giving

g(g(x)) = c(cx + d) + d = c2x + d(c + 1) = ax + b.

Equating coefficients we have c2 = a so that c = ±√
a. Then d(c + 1) = b becomes:

d(±√
a + 1) = b and so d =

b
1 ± √

a
.

Hence, f (x) = ax + b (a > 0) generally has two linear compositional square roots:

g(x) = ±√
ax +

b
1 ± √

a
. ( 15)

The fact that g(g(x)) = f (x) can of course now be checked directly. However, there is one ex-
ception to the general formula (15) that arises when ±√

a + 1 = 0, which can only occur when
a = 1 and we take the negative square root.

In this case a = 1, so that f (x) = x + b. In the positive case we get from (15) the solu-
tion g(x) = x + b

2 . However, if we take c = –1 we have g(g(x)) = c2x + d(c + 1) = x as c + 1 = 0.
Hence there is no second solution to g(g(x)) = f (x) in this case unless b = 0.

In the b = 0 case the question comes down to finding all linear functions g(x) that are self-
inverse, meaning that g(g(x)) = x. Again we apply (15) and, if we take the positve root of a, we
obtain the obvious solution, that being the identity function, g(x) = x. On the other hand, if
we take c = –

√
a , we have in this case c = –1 and the equation d(c + 1) = b becomes d(0) = 0,

which is true for any number d. Hence we have infinitely many linear self-inverse functions
represented by the equation g(x) = d – x, where d is arbitrary.

In accord with the comment on the previous page, the graph of each of the functions g(x) =
d – x is symmetric with respect to reflection in the line y = x as each of these lines meets the
diagonal line of y = x at right angles.

(b) If we admit complex solutions we immediately have g(x) = ix, for then g(g(x)) = i(ix) =
i2x = –x, which works fine, as does the alternative, g(x) = –ix.

A real-valued solution, however, is represented by the following five-part rule:

x �→

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 if x = 0;
x + 1 if 2n < x ≤ 2n + 1;
1 – x if 2n + 1 < x ≤ 2n + 2;
x – 1 if – 2n – 1 ≤ x < –2n;
–x – 1 if – 2n – 2 ≤ x < –2n – 1.

The following diagram makes the case that if you start at any point, x, and follow the arrows
twice, you do indeed end up at –x, as you should.
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0

–2n–1

–2n–2 –2n 2n

2n+1

2n+2

General action of f(x).

It is straightforward to test each of the five cases given by the five-part rule for g(x). For
example, if we are in the third listed case so that 2n + 1 < x ≤ 2n + 2 then g(x) = 1 – x and

2n + 1 < x ≤ 2n + 2 gives – 2n > 1 – x ≥ –2n – 1
⇒ –2n – 1 ≤ 1 – x < –2n;

putting us in an interval of the fourth listed type. Therefore

g(g(x)) = g(1 – x) = (1 – x) – 1 = 1 – x – 1 = –x.

The verifications are similar in the other cases.
There are other solutions but it is not possible to avoid infinitely many points of discontinu-

ity, which are to say ‘jumps’ in the graph of the solution, g(x).
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Algebra notes

We shall assume knowledge of the algebra of quadratic polynomials and in particular the
technique of completing the square, leading to the quadratic formula for solving the equation
ax2 + bx + c = 0, which is

x =
–b ± √

b2 – 4ac
2a

.

A polynomial of the form p(x) = a0 + a1x + · · · + an–1xn–1 + xn has in general n (not necessarily
distinct) roots, r1, r2, · · · , rn so that

p(x) = (x – r1)(x – r2) · · · (x – rn),

although these roots may in general be complex numbers a + biwhere a, b are real numbers and
i2 = –1. In particular, expanding this factorized form of p(x) and equating coefficients with the
original polynomial gives relationships such as

(–1)nr1r2 · · · rn = a0 and r1 + r2 + · · · + rn = –a1.

Arithmetic and geometric series

An arithmetic sequence is one of the form a, a + d, a + 2d, · · · , and so the nth term is an =
a + (n – 1)d, with d known as the common difference of the sequence. The sum, � , of such a
series up to the nth term is given by

� =
n–1∑
k=0

(a + kd) = na +
d
2
n(n – 1),

and also by

� =
n
2
(a + l)

where l = a + (n – 1)d is the last term, by which we mean the nth term, in the sequence.
On the other hand a geometric sequence has the form a, ar, ar2, · · · with the nth term given

by arn–1. We pass from one term to the next by multiplying by r, the common ratio between
successive terms. The sum of the first n terms of a geometric series is given by

n–1∑
k=0

ark = a
1 – rn

1 – r
.

In the case where –1 < r < 1, the power rn → 0 as n increases without bound and the
corresponding infinite series therefore has the sum:

∞∑
k=0

ark =
a

1 – r
.
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Comments on algebra problems

Problem 11 Problems where solutions to equations are required to be integers, often non-
negative or positive integers, are called Diophantine after the third-century mathematician
Diophantus who seems to have been the first to carry out serious algebraic work on this topic.
Indeed, the famous result known as Fermat’s last theorem, which says that there are no positive
integer solutions to the equation xn + yn = zn whenever n ≥ 3, was first written in the margin
of a copy of Diophantus’s great work Arithmetica by Pierre de Fermat in 1637. In 1994 Andrew
(now Sir Andrew) Wiles finally proved that Fermat had been right all along.

Problem 12 Alternatively, repeated application of the recursion (7) and use of the formula for
summing a geometric series gives

tn+1 = atn + b = a(atn–1 + b) + b = a2tn–1 + ab + b = · · · = anb + an–1b + · · · + ab + b

⇒ tn+1 = b(1 + a + a2 + · · · + an) =
b(1 – an+1)

1 – a
.

The latter method does not require the formula to be given before we can prove it although
the ‘· · · ’ part of the argument masks an inductive step as we are being asked to spot the overall
pattern.

As for the time taken for toad to escape, a little working on the inequality (11) shows that
we require n such that

n ≥ log 26
log 4 – log 3

≈ 11 · 36,

so that toad finally gets out of the well after 12 days.

Problem 14 It can now be seen that this technique can be used repeatedly to build up a se-
quence of expressions for the sum of cubes, the sum of fourth powers, and so on. In general,
the sum of kth powers will be a polynomial of degree k + 1 in the variable n.

For example, if you go to the next step up you will find a formula for the the sum of the first
n cubes and be able to also show that it happens to equal the square of the sum of the first n
integers.

For an example of a different kind of telescoping sum you may, by rationalizing denomin-
ators, show that

2,024∑
k=1

1√
k +

√
k + 1

= 44.

Problem 18 Finding a fixed point via iteration in this fashion will work with any function f (x)
that satisfies the inequality:

|f (x) – f (y)| < |x – y|,

which says that for any two different values, x and y, their images, f (x) and f (y), are closer to
one another than were the original numbers. The reason why the cosine function behaves in
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this way stems from the property that for distinct numbers x, y in the interval [–1, 1] we have
| cos x – cos y| < |x – y|, a fact that can be deduced from the identity

cos x – cos y = –2 sin
(x + y

2
)
sin
(x – y

2
)
.

In words, the images of two points under cosine are closer together than the original points,
and it is this that forces the iteration of the cosine function to converge to a limit.



PART 3

Geometry

Introduction

We begin with a simple looking problem, Problem 21, about circles and areas and indeed
Problem 26 about a fanbelt could be described in similar terms. Problem 22 focusses attention
on what is feasible with the classical construction tools of straight edge and compasses while
Problem 23 features a pair of surprising examples still involving no more than what is in the
early books of Euclid. Problem 24 on the golden ratio is also very ancient while in Problem 27
we go forward eight centuries to introduce the reader to the theorems of Pappus that relate
surface area and volumes of revolution to the distance travelled by the centre of gravity in
sweeping out the associated volumes and surfaces.

Problem 25 is often credited to Newton but involves no calculus. Similar triangles here lead
to an equation that is a quartic, which is to say fourth-degree equation. The roots of fourth-
degree polynomials can in general be difficult to find but here the underlying symmetry of the
problem makes the equation more pliable than some.

Problems 29 and 30 are often to be found in the tough section on maximization and min-
imization problems in calculus textbooks and indeed Problem 29 is best solved that way. Many
of the problems that are normally tackled by students through use of calculus were, however,
solved before the invention of that mode of mathematics and the final question in this section
falls into that category. The problem of finding the best place from which to place a kick can
indeed be solved by classical geometry using the circle theorems of Euclid.

The chapter summary features statements of Pythagoras’s theorem, the Circle theorems, and
the Sine and Cosine rules, along with the equations of curves of ellipses and hyperbolas and
the formulae for the surface and volume of a sphere and a cone. All of these crop up and are
used in the solutions of the problems that you are about to meet.
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PROBLEM 21

Goat grazing problems

These can be surprisingly difficult, especially the inverse goat grazing problems, but more of
that later. Let’s begin with a fairly simple question of this type.

(a) A goat is left to graze in a large field but she is tethered to a rectangular shed on a rope
that is 10 m long. The shed itself has ground dimensions of 6 m and 4 m and one end of
her rope is attached to a point on the ground in the middle of the long side of the shed.
Find the total area of the field that can be reached by our goat.

3

4

3

7

10

(b) This time we ask the same question but after we lengthen her rope to make it a 12 m
tether.
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Problem 21 solution

(a) From the diagram we see that the area that the goat may reach consists of six quarter
circles. The total area is equal to the sum of the areas of three semicircles of respective
radii in metres of 10, 10 – 3 = 7, and 7 – 4 = 3. This gives for the reachable area a value of

π

2
(
102 + 72 + 32

)
=

π

2
· 158 = 79π ≈ 248 · 2m2.

(b) With the longer rope the two smaller quarter circles at the back of the shed overlap as
their common radius would have value 12 – 3 – 4 = 5 m. Ignoring this overlap for the
moment, the areas of the trio of semicircles now becomes

π

2
(
122 + 92 + 52

)
= 125π ≈ 392.7m2.

However, from this figure we need to subtract the common area A, shaped like a bishop’s
mitre, for that has been double-counted.

D

CB21
0

5

By Pythagoras, BD2 = 52 – 32 = 16 so that BD = 4. We may join the two halves of the hat
together by reflecting the left side in the horizontal axis and then reflecting in the vertical axis
to obtain a segment of a circle of radius 5 and chord length 2BD = 2 × 4 = 8. The angle α

subtended at the centre of that circle is 2 tan–1 4
3 . We then find the area of the segment by

taking the area of the corresponding sector and subtracting that of triangular area within the
sector outside of the segment to obtain

A =
2 tan–1 4

3

2π
(π52) –

1
2

× 8 × 3 = 25 tan–1
4
3
– 12.

Overall then, the goat grazing area is given by

125π – 25 tan–1
4
3
+ 12 ≈ 371.5m2.
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PROBLEM 22

Compasses and straight edge

(a) Find the length of the vertical line segment marked by x.

D

x = ?

A B C
14

(b) In classical compasses and straight edge constructions the challenge is to create exact
lengths and shapes from a given line segment, taken to be your unit of length, using only
a rule (not a ruler, just a straight edge) and compasses with which to draw circles.

Strictly speaking, you may not even use the compasses as dividers, which can take
a given distance and mark it elsewhere on the page. However, although it takes some
ingenuity to demonstrate, this is possible with just compasses and a straight edge, so that
operation can be assumed to be within the rules of the game. Other simple constructs are
now readily devised: for example, since right angles at a given point may be constructed,
it is also possible to construct a line parallel to a given line that is separated from the first
line by a given distance.

Given all that, how does the diagram in (a) allow you to explain how to construct
square roots using compasses and a straight edge?
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Problem 22 solution

(a) By Pythagoras you get

42 + x2 = AD2 and 1 + x2 = DC2.

Since the angle in a semicircle is a right angle, we can apply Pythagoras to the triangle
�ADC also to get

AD2 + DC2 = AC2 = (4 + 1)2 = 52.

Adding the first two equations and using the third now gives

(16 + x2) + (1 + x2) = AD2 + DC2 = 25
⇒ 2x2 = 8 and so x = 2.

(b) The thing to spot here is that the answer 2 =
√
4, and so if we replace 4 by n and run

through the previous argument again, we get that in general x =
√
n. This then provides

a straight edge and compasses construction of the square root of a given length n, as x
can indeed be constructed from n.

We may mark two line segments of lengths n and 1 to construct our line segment ABC as in
our diagram (since right angles may be constructed, so may straight angles). We next bisect the
line segment AC, which then allows the drawing of the semicircle with diameter AC. Finally,
since we can construct a vertical at any given point along a given line segment, the length x can
be constructed which, as we have explained, has length

√
n.

In general, using a straight edge and compasses we may add, subtract, multiply, and divide
any two constructible numbersm and n (see below) and, as we have just outlined, take square
roots as well. Moreover, since these operations can be carried out any number of times, it
follows that numbers such as

√
8 + 2

√
7 – 2

√
3 – 2

7 can be constructed using only the classical
Euclidean tools.

m m

m + n

mn m

mn

m/n

m/n

m n
1 1

n

m – n

n

n

The four arithmetic operations by Euclidean constructions.
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PROBLEM 23

Tiny changes mean a lot? Or not?

(a) Imagine that a cable is run around the Earth’s equator (assumed here to be a circle). It is
then decided to raise the cable 1 m above ground. By how much will the cable need to be
extended to allow this?

1

Photo of earth courtesy of NASA.

At first glance, you may think that there is insufficient information here to solve the
problem.What is the radius of the Earth? Surely that is going to come into the reckoning?
Maybe, maybe not. Just work with a symbol instead of a number and see where the
mathematics leads.

(b) A flat railway track is laid that is 20km all told. Unfortunately, upon reaching the buffers,
it is discovered that the track (which we imagine, for the sake of the problem, to be one
continuous piece) is 1m too long.

Not to worry. It is decided to squash it in anyway—the track will have to bend a little but
over 20km that won’t be noticeable, will it? Well, let’s see. Imagine that the 20km separation is
the base of an isoceles triangle with the track now making up the other two sides, whose total
length is then 20km and one metre more, as in the figure below. What will be the altitude, h,
of that triangle?

20 km

h = ?

20.001 km
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Problem 23 solution

(a) Let the radius of the Earth be r. After extending the cable, it forms the circumference of
a circle of radius r + 1. Hence the difference between the lengths of the extended and the
original cable is:

2π(r + 1) – 2πr = 2π(r + 1 – r) = 2π m.

This is a remarkable result, which grows more remarkable the more we think about it for
the answer did not depend on the radius, r. Therefore the answer would be the same for
any sphere, be it a basketball or the planet Jupiter! On the other hand, we might object
that we assumed the Earth was perfectly spherical, which is not quite true. Surprisingly,
departure from a perfect sphere turns out not to make any difference at all, although we
need to explain what is meant by raising the cable 1 m for a more general shape.

For any closed, smooth, convex curve of total length l, we can do the following. Each
point of the curve has a tangent, and so we can speak of the outward pointing normal
of unit length to the curve at any point. As the point moves, tracing out the curve, the
other end of the normal traces out a magnified copy of the curve. It transpires that the
new curve will have length l + 2π . Our problem was the simplest case where the curve
was a circle, but there is nothing special about circles here—the result is the same for all
curves for which this process makes sense. What matters is not that the closed curve is
itself round, but that you are orbiting around it.

(b) This is a very simple problem to solve—just an application of Pythagoras’s theorem—but
the result is surprising nonetheless.

We need only consider either one of the two congruent right triangles with height h, say,
and we have the equation:

(10, 000)2 + h2 = (10, 000.5)2

⇒ h2 = (10, 000.5)2 – (10, 000)2 = (10, 000.5 – 10, 000)(10, 000.5 + 10, 000)
⇒ h2 = 0 · 5 × 20, 000.5 = 10, 000.25.

In other words, h is as near as makes no difference to
√
10, 000 = 100 m—as the good passen-

gers passed through the midpoint of their journey they would find themselves suspended in a
train that was somehow more than 300 feet above the ground!

This serves to show how important it is that rail tracks are not allowed to buckle, as the
distortion that results can be catastrophic. What is more, this buckling phenomenon can be
witnessed on a much smaller scale. Imagine holding a flexible steel ruler between your finger
tips. If you compress the ends, pushing them slightly closer together than the rules’s natural
length, the rule then bends in the middle quite markedly. You see, Pythagoras is not to be
denied!
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PROBLEM 24

Golden diagonal

(a) Determine, as a radical expression of positive integers, the length of a diagonal, d, of a
regular pentagon of side length one unit.

A

B

1

O

E

C

D

F

a

a d

d

(b) By knowing the length of this diagonal, find exact algebraic expressions for cosine and
sine of 36◦.
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Problem 24 solution

(a) Here is just one of several possible arguments, including the use of trigonometry. Let the
diagonal length be d and note that �ADB is similar to �ABC so that

a
1
=

1
d
. ( 16)

Also �OEF is similar to �OBC so that

d
1
=

a
d – 2a

.

Hence

d2 – 2ad – a = 0 ⇒ d2 – 2 –
1
d
= 0 by (16).

Hence

d3 – 2d – 1 = 0 ⇒ (d + 1)(d2 – d – 1) = 0.

Since d is positive, it equals the positive root of d2 – d – 1 = 0, which therefore gives

d =
1 +

√
1 + 4
2

=
1 +

√
5

2
, the golden ratio, φ.

The pentagon is replete with symmetries: for example, ABCF is a rhombus (square par-
allelogram) of unit side length (as can now be checked). The diagonals of the pentagon
meet each other in segments in the ratio φ : 1 leading to an inverted copy of the pentagon
appearing, the vertices of which are the diagonal intersections of the parent pentagon.
This kind of self-similarity behaviour is typical in mathematical objects involving φ.

(b) Using the fact that the angles of a triangle sum to 180◦ and the angle at each corner
of the pentagon is 360◦

5 = 108◦ we may deduce that the angle α = � BAC satisfies 2α
+ 108◦ = 180◦ and so α = 36◦. Let M be the midpoint of AC and consider the right
triangle �ABM. We then obtain

cos 36◦ =
d
2
=

φ

2
=
1 +

√
5

4
.

Next, using sin2 α = 1 – cos2 α gives

sin2 36◦ = 1 –
6 + 2

√
5

16
=
10 – 2

√
5

16
.

Hence

sin 36◦ =
1
4

√
10 – 2

√
5.
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PROBLEM 25

Newton’s ladder problem

A 5m ladder leans against a wall so that it touches a cubic box of side length 1 m that sits next
to the wall. What is the distance of the bottom of the ladder to the base of the box?

y

1

1

5

x = ?

Clearly Pythagoras and similar triangles are at work here but there is symmetry in the prob-
lem, which turns out to be critical to finding the exact solution. We are asked for the distance
x but we can equally talk about the distance y from the top of the ladder to the top of the box.
Given a pair of solutions to this problem, x and y, we could interchange them to get a second
solution—this amounts to swapping what we consider to be the floor and the wall.

You should get two equations involving x and y and substituting for y leads to a single
polynomial equation that can be solved using a substitution based on the symmetry we have
just divined.
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Problem 25 solution

The ladder, ground, and wall together form a right-angled triangle. Applying Pythagoras we
obtain

(x + 1)2 + (y + 1)2 = 52.

The two smaller right triangles are similar so we also get

x
1
=
1
y

⇒ xy = 1.

All the information we have is essentially captured by these two equations. Substituting y = 1
x

into the first equation leads to terms in both x2 and 1
x2 and so yields a fourth-degree polynomial

equation, and these are in general not easy to solve. (The coefficient of x4 and the constant term
both equal 1, so the only possible rational roots are ±1, and these do not work.)

If we draw the curves represented by our equations we see that we are seeking to find the
intersection points of a circle centred at (–1, –1) of radius 5 and the rectangular hyperbola xy =
1. There are indeed four real roots, which then have the form r, 1r , –s,

1
–s , where 0 ≤ r, s ≤ 1. Of

course only the positive roots are meaningful solutions of the problem. Having said this, let’s
expand the equation but keep the terms in x and in 1

x together:

x2 + 2x + 1 +
1
x2

+
2
x
+ 1 = 25

⇒ (x2 + 2 +
1
x2
)
+ 2(x +

1
x
)
= 25

∴
(
x +

1
x
)2 + 2(x +

1
x
) = 25.

Now we have a quadratic in z = x + 1
x , that being z

2 + 2z – 25 = 0 so that

z =
–2 ± √

4 + 100
2

=
–2 ± √

104
2

=
–2 ± 2

√
26

2
= –1 ± √

26.

Taking the positive solution we have z = x + 1
x = –1 +

√
26 or in other words x2 – (

√
26 – 1)x +

1 = 0. The roots of this quadratic are

x =
(
–
1
2
+

√
26
2

)
±
√
23 – 2

√
26

2
≈ 3 · 84 and 0 · 26.

This gives the two possible values of x, the distance from the base of the ladder to the box.
We know from our considerations that the product of these solutions is 1, something that is
unclear when the solutions are expressed in this radical form, but checking that the product is
indeed 1 comes down to a simple exercise in the difference of two squares.
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PROBLEM 26

How long is a fan belt?

A fan belt sits tight around a pair of pulleys of radii r and R, respectively, with the centres of
the wheels separated by one unit. How long is the belt?

θ

R– r

R

θ

θ r
1

1
x

Taut fan belt around two pulleys.
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Problem 26 solution

Since the two radii marked as r and R are both at right angles to the common tangent line of
the two circles, the angles marked θ are indeed equal. Using Pythagoras we have

12 = x2 + (R – r)2 and so x =
√
1 – (R – r)2.

In order to find L, the total length of the fan belt, we need to calculate the length of the portion
of the belt in contact with each of the pulleys, and for this we need to express θ in terms of the
given parameters r and R:

cos θ =
R – r
1

and so θ = cos–1(R – r). ( 17)

Note that since the separation of the centres of the pulleys is being taken as our unit of meas-
urement, it is certainly the case that 0 ≤ R – r ≤ 1, so the inverse cosine in (17) does exist.
Therefore

L = 2x + 2rθ + 2R(π – θ) = 2
√
1 – (R – r)2 + 2r cos–1(R – r) + 2R(π – cos–1(R – r))

= 2
(√

1 – (R – r)2 – (R – r) cos–1(R – r) + Rπ
)
. ( 18)

The formula (18) can be tested in special cases where the answer is more obvious: if we put
r = R it is easy to see that the length is just 2 + 2πR, while if we put r = 0 and R = 1 we get the
expected value of 2π .

It is worth noting that, despite appearances, (18) is actually symmetric in r and R: if we
interchange these two symbols throughout in (18), the outcome is identical (because cos–1(r –
R) = π – cos–1(R – r), which is itself just a special case of the fact that cos–1 x + cos–1(–x) = π).
In detail, upon exchanging r and R in (18) we have

2
(√

1 – (r – R)2 – (r – R) cos–1(r – R) + rπ
)

= 2
(√

1 – (R – r)2 + (R – r)(π – cos–1(R – r) + rπ
)

= 2
(√

1 – (R – r)2 – (R – r) cos–1(R – r) + Rπ – rπ + rπ
)

2
(√

1 – (R – r)2 – (R – r) cos–1(R – r) + Rπ
)

and so we do recover the expression (18). Therefore, ultimately there need be no assumption
that r ≤ R.
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PROBLEM 27

A fifth century trick

First Theorem of Pappus (ca. AD 400): The volume V of a solid of revolution generated by
rotating a plane figure F about an external axis is equal to the product of its area A and the
distance D travelled by its geometric centroid C, the point on which F could rest and lie in
balance, assuming that F is of uniform density. As an equation, V = AD.

d C

F

Volume of revolution generated by a shape rotating about an axis.

(a) Use Pappus to find the volume of a torus (doughnut shape) formed by rotating a circle
of radius r around a line a distance d ≥ r from the centre.

(b) Use Pappus in reverse to find the centre of mass of a solid semicircle of radius r by
considering the volume generated as it rotates about its diameter.

C = ?

r

Where is the balance point of a solid semicircle?

Second Theorem of Pappus: The surface area A of a surface of revolution generated by
rotating a plane curve S about an axis external to S and in the same plane is equal to the
product of the arc length s of S and the distance D travelled by its geometric centroid,
which is to say A = sD.

(c) Find the surface area of a torus of circular radius r, the centre of which is a distance d ≥ r
from its axis.

(d) Use the theorem in reverse to find the centroid of a semicircular wire of radius r by
considering the corresponding sphere.

(e) Find the surface area (exclusive of the base) of a cone of height h and circular base
radius r.
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Problem 27 solution

(a) The area of the rotated circle is πr2 and its centroid is its centre, which travels a distance
2πd to generate the torus. By Pappus, the volume of revolution V, is thus

V = (πr2)(2πd) = 2π2r2d.

(b) The area of the semicircle is π
2 r

2 and its centroid travels a distance 2πd, where d is the
distance from the centre of the circle along the line at right angles to its diameter to the
centroid, C, of the solid semicircle.

The volume generated is that of a sphere of radius r, which is thus 4
3πr

3. Hence,
Pappus gives the equation:

4
3
πr3 =

(1
2
πr2

)
(2πd) = π 2r2d and so d =

4πr3

3π 2r2
=

4r
3π

.

(c) The perimeter of the generating circle has length 2πr and its centroid is the centre of the
circle, which travels a distance 2πd in sweeping out the torus. Hence the surface area S is

S = (2πr)(2πd) = 4π 2rd.

(d) Rotating the wire about its diameter generates a sphere of surface area A = 4πr2. By
symmetry, the centroid of the wire lies on the radius at right angles to this diameter at
a distance d from the centre. Since the perimeter of the generating curve is πr, we have
by Pappus that the surface area of the sphere equals A = (2πd)(πr). Equating these two
expressions for S gives us

A = 4πr2 = 2π2rd and so d =
4πr2

2π 2r
=
2r
π
.

(e) Let s denote the slant height of the cone. The surface of the cone is generated by rotating
the slanting edge around the axis of the cone. The centroid of the line segment generator
is the midpoint of the slant and is a distance r

2 from the axis of rotation. Hence, by
Pappus, the surface area A of the cone is A = 2π

( r
2

)
s = πrs. By Pythagoras, we have s2 =

r2 + h2 so that in terms of r and h the surface area of the cone is given by

S = πr
√
r2 + h2.
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PROBLEM 28

At a tangent

For a given value of c (|c| ≥ 1), find, in two different ways, the values of m such that the line
y = mx + c is tangent to the unit circle centred at the origin.

y = m1x + c

A –1

1

1

1

1

B

C c

–a a0

y = m2x + c

(a) First find the values ofm that ensure that the line and circle meet at one point only.

(b) Alternatively, find the values of the gradient m of the line that ensures that it meets the
circle at right angles to the radius.
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Problem 28 solution

(a) Substitute y = mx + c in the equation of the unit circle and we find

x2 + y2 = 1 becomes x2 + (mx + c)2 – 1 = x2 +m2x2 + 2mcx + c2 – 1 = 0
⇔ (1 +m2)x2 + (2mc)x + (c2 – 1) = 0.

Now y = mx + c is a tangent to the circle if and only if it meets the circle exactly once,
which in turn is equivalent to saying that the preceding quadratic equation has a unique
solution. This occurs if and only if the discriminant is zero, which is to say

4m2c2 – 4(m2 + 1)(c2 – 1) = 0 ⇔ m2c2 = m2c2 –m2 + c2 – 1

⇔ m2 = c2 – 1 ⇔ m = ±√
c2 – 1.

(b) Alternatively, let us find the slope m = m1 of the line AC. By noting the equality of the
angles as marked on the diagram we obtain that the right triangles �ABO and �AOC
are similar. By Pythagoras,

BC2 + 12 = OC2 and so BC =
√
c2 – 1.

Therefore

OC
OA

=
BC
BO

⇔ c
a
=

√
c2 – 1
1

.

Sincem = c/a we may conclude thatm =
√
c2 – 1.
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PROBLEM 29

Low lights

Two candles of brightness a and b, respectively, are separated by a distance d. Where is
the point, P, between the candles where the light is at its dimmest?

a b

P = ?

d

Where between the candles is it the most dark?

We assume that the height of the candles is negligible compared to their separation,
d. By brightness we mean that, by some measure of light emitted, one candle emits light
at a rate of a and the other at b. The amount of light reaching an observer is subject
to the inverse square law, which means that the intensity of light observed is inversely
proportional to the square of the separation from the source.

This fact may be justified by considering a series of transparent, concentric spherical
shells with the light source at their common centre. The same amount of light energy
is passing through each shell but, since the area of shells increases in proportion to the
square of the radius of the shells (the area of a sphere of radius r is 4πr2), the intensity
observed at a point on any line from the light source falls off inversely with the square of
the separation from that light source.
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Problem 29 solution

Place the origin of our x-axis at the position of the candle of luminosity a so the second
candle is at ordinate d on the x-axis.

+
O x d

By the inverse square law, the amount of light from a source diminishes in proportion
to the inverse square of the distance of separation. Working in suitable units, therefore,
if we stand at position x, the amount of light reaching us from the respective sources will
be a

x2 and b
(d–x)2 . Therefore, we wish to minimize the sum of these:

y =
a
x2

+
b

(d – x)2

⇒ dy
dx

= –2ax–3 – 2b(d – x)–3 · (–1) = 2b
(d – x)3

–
2a
x3

.

Putting this derivative equal to zero then yields the equation:

a
x3

=
b

(d – x)3
⇒ (d – x)3

x3
=
(d – x

x

)3
=
b
a

⇒ d – x
x

=
(b
a

) 1
3 and so

d
x
= 1 +

(b
a
) 1
3 and

x
d
=
(
1 +

(b
a

) 1
3
)–1

∴ x = d
(
1 +

(b
a

) 1
3
)–1

.

You are within your rights, on physical grounds, to claim that this turning point must
represent the unique minimum of the function in that range. As is often the case you
can check whether your result gives the right answer in simple cases where the outcome
is clear by inspection. Here we note that if b = a, then the dimmest point must, by sym-
metry, be the midpoint between the two candles and indeed if we put b = a in the above
formula it returns the expected value of d

2 . The algebraic manipulations above are all
natural enough, although you need to resist the temptation to expand the cubic term
(d – x)3 the first time that you see it as that will not help at all.
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PROBLEM 30

Rugby place kicking problem

This problem was originally posed by Johannes Regiomontanus (1436–1476) who asked
how to find the best viewing angle for a statue mounted above the eyeline of an
observer.
(a) An equivalent version is to ask where to place a rugby ball on a line at right angles

to the goal line in order to give the kicker the maximum angular separation between
the goal posts. We will solve this version of the problem, in part because the field of
play is a convenient context to display the underlying geometry.

A little more explanation is required. After a team scores a try (which corresponds
to a touchdown in American football) the kicker gets a chance to earn extra points
by scoring a goal from a place kick. He may place the ball anywhere on the field of
play subject to the restriction that he must stay on a line L that runs at right angles
to the goal from the point D where the scorer downed the ball to make the try.
(This differs from grid iron where the position of point D hardly matters—in rugby
scoring ‘under the posts’ makes for an easy conversion but the kick from a try scored
in the corner is difficult.)

A

L

D

P = ?

θ

B

The point D on the line L is of course the one closest to goal but the kicker has
no angle to work with there so anyone attempting the kick will march out along the
line L from D to make for a wider angle. Eventually, the angle reaches a peak and if
the kicker walks further away the angular goal separation decreases. Our task then is
to find the point P along the line L where the kicker has the widest sight of the goal,
which is to say that the angle θ = � APB is maximum.

(b) Next show that as D moves from the point A out to the left along the goal line, the
path of the optimum point P is a hyperbola.

To get the required equation, set up the co-ordinate system with the origin atM,
the midpoint of AB, take MA to be one unit of distance, and measure x from M
towards D and y down the page.
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Problem 30 solution

A B

L

x

y

D

P O

M

Since the angle θ varies smoothly as P moves along L and since this is a problem of
maximization, it is often set as a calculus question. Indeed, some readers may care to set
up a suitable function and put its derivative equal to zero in order to find the optimum
point, P , and the corresponding maximum separation angle, θ . However, the problem
is solvable by a purely geometrical approach as follows.

For an arbitrary point, P, on L, there is a unique circle, C, through the points A,B,
and P. (The centre, O, of the circle is the intersection of the perpendicular bisectors of
AB and of AP.) The angle θ = � APB is then half of the angle subsumed at the centre of
C, which is � AOB. It follows that we maximize θ by maximizing � AOB. However, � AOB
simply increases as O approaches the goal line AB. It follows then that we want O to be
as close as possible to the goal while ensuring that the circle with centre O and radiusOA
still reaches the line L. This will occur when the corresponding circle C just reaches the
line L, which is to say that L is tangent to C. The radius of that circle will beMD, where
M is the midpoint of the goal AB.

Although we do not know P initially, we may determine O as the intersection of the
perpendicular bisector of AB erected atM and the arc of the circle centred at A of radius
MD. The required point P is then the intersection of L with the perpendicular to MO
erected at O. (The use of the terminology of compasses and straight edge construction
is to emphasise that all facets of the problem, and in particular the location of P, are
realizable using the Euclidean tools.)

(b) The length ofMD is x with x ≥ MA = 1. Since P,A, and B all lie on the circle C, it follows
that OA = x also and by Pythagoras we have 12 + y2 = x2, yielding the explicit formula
for the ordinate y of P as y =

√
x2 – 1.

The full curve with equation x2 – y2 = 1 is a rectangular hyperbola, meaning that the
asymptotes, which are the lines y = ±x, meet at right angles.
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y

D –1 1A B

P

0

x

y = –x y = x

x2 – y2 = 1

Position curve of the optimal point P as a function of the grounding point D.
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Geometry notes

Triangles

The angles in any triangle sum to 180◦ as can be seen from the following typical case; (angles
marked with the same symbol type are equal).

Pythagoras’s theorem

In a right-angled triangle with sides a and b and hypotenuse c we have a2 + b2 = c2.

Circle theorems

A tangent to a circle meets the radius from the contact point to the centre of the circle at right
angles.

The angle at the centre is twice the angle at the circumference. In terms of the diagram,
� AOB = 2 � ACB. When � AOB opens out to become a straight angle (180◦) we get as a special
case that the angle in a semicircle is a right angle.

C

C

B

B

O
A

A
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Sine and Cosine rules

For an arbitrary triangle T, with sides a, b, and c and with angles opposite those sides labelled
by the same corresponding letters we have the two equations:

Sine rule:
a

sin a
=

b
sin b

=
c

sin c
Cosine rule : a2 + b2 = c2 – 2ab cos c.

c

a

b

b

a

c

If two angles of T are known (and hence all three angles, as they sum to 180◦) and one side,
then the Sine rule will allow the other two sides to be found. If, on the other hand, two sides
and one angle is known, the Cosine rule allows you to determine the triangle, although in the
case of the angle not being included between the two known sides, there are generally two
solutions; one giving an obtuse angled triangle, and in the other, all three angles are acute.

Ellipses and hyperbolas

Ellipses centred at the origin with half diameters a and b have equations of the form:

x2

a2
+
y2

b2
= 1.

When b = a the ellipse simply becomes a circle of radius a.
Hyperbolas centred at the origin with branches either side of the y-axis have equations of

the form

x2

a2
–
y2

b2
= 1,

and have asymptotes (lines that the curve approaches far from the origin) with equations
y = ± b

a x.

Volume and surface areas

The volume, V and surface area, S of a sphere of radius r are given by

V =
4
3
πr3, S = 4πr2.

The volume of a cone of height h and base area b is 1
3bh.
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Comments on geometry problems

Problem 21More difficult goat grazing problems arise when we tether the goat in one corner
inside a unit square and ask for the length of rope that allows her to eat a certain proportion, g,
of the grass. The question is easy for small g but for g over 80% the problem suddenly becomes
tough as the mixture of algebraic and trigonometric functions in the corresponding equations
makes it awkward to solve.

Problem 24 The Euclidean construction of φ is as follows. First, construct a unit square ABCD
and find the midpointM of AB. Let P be the intersection of the extension of AB and the circle
centred at the midpoint M whose radius is the diagonal line segment MC. Then the length of
AP is φ, as can now easily be proved.

A M

B

P

AP = ϕ

C
D

Problem 26 A sister problem to this one is where the belt crosses over to form a figure of eight
(Physically we might have to replace the belt by a thin band to give this meaning.) A similar
calculation to that above yields the formula:

L = 2(
√
1 – s2 – s cos–1 s + sπ), where s = r + R.

The striking feature here is not only that the formula is symmetric in r and R but that L is now
a function of one variable, s only. For this reason it is easy to show, by going to the derivative,
that L increases with s so that the length is minimum when r = R = 0, in which case L = 2, and
is maximum when the pulleys are just touching so that s = 1 and L = 2π .

Problem 29 The justification for the critical value of the brightness being the minimum was
through claiming that this is physically obvious. Be that as it may, the mathematics can look
after itself here. We can check that our critical value is a minimum through use of the second
derivative test: we just need to verify that the second derivative of the brightness function y(x)
is positive at the critical point. We might look to be in for a messy calculation but that is not
the case for, upon differentiating y′ = 2b

(d–x)3 – 2a
x3 , we find that

y′′ =
6b

(d – x)4
+
6a
x4

> 0

independently of the values of x, so there is no need to substitute the critical value of x into this
expression for y′′ as we already know the answer will be positive.



PART 4

Chance and combinations

Introduction

Probability is the mathematics of chance, where the likelihood of any event is given a measure
that lies between 0 (impossible to observe) and 1 (a dead certainty). These problems frequently
involve counting up a number of equally likely outcomes, which leads to problems in combin-
atorics, often called the art of counting without counting, meaning that the size of a collection
is found through clever partitioning of the underlying set in ways that allow its parts to be
counted through application of various formulae and comparison techniques.

Problems 31, 32, and 35 belong to category of combinatorial calculations while Problems
33 and 34 involves random walks, which feature very widely in real-world applications, from
stock market predictions to the diffusion of gases. Problem 36 is about market share of a pair
of rival companies while Problem 37 is about conditional probability. The explanation of the
persistence of recessive genes is the subject of Problem 38 while Problem 39 is a collection of
similar questions where we are asked to reckon up the number of functions of various special
types that arise in certain branches of abstract algebra. Finally, Problem 40 is a serious calculus
problem and an important one, which is that of showing that the common bell curve really
does yield a probability distribution.

The end notes to this part provide a reprise of the common formulae for probabilities in-
cluding Bayes’s theorem of conditional probability. The formula for counting combinations
from sets is to be found in the notes for Part 1 and that is again used here.
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PROBLEM 31

Tennis tournaments

(a) A knock-out tennis tournament begins with n players. Each round consists of pairing
off the remaining players (if an odd number remains, one player is given a bye—that
is to say, he or she enjoys a free passage to the next round). Each player then plays the
opponent with whom they have been paired. The losers retire from the tournament,
while the winners progress to the next round until the champion is decided. How many
matches are played during the tournament?

(b) If two of our tournament players are chosen at random (their names are drawn from
a hat), what is the probability that they play each other at some stage during the
tournament?

Hint: for this problem it is better to think of the underlying set from which you are drawing
objects as consisting of pairs of players rather than individual competitors.
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Problem 31 solution

(a) Each player, except the eventual champion, loses precisely one match and each match
has precisely one loser. Hence there is a one-to-one correspondence between the set of
matches and the set of losing players. Therefore, there are n – 1 matches in the entire
tournament.

For example, Grand Slam tournaments are set up with 27 = 128 players in the draw, so
there will be 127 matches to determine each of the men’s and women’s singles titles. Each
round halves the numbers of remaining players and only by beginning with a power of 2
can byes be avoided.

For a tournament that begins with 2n players there will therefore be

2n–1 + 2n–2 + · · · + 2 + 1 = 2n – 1

matches in all, in accord once with our general result.

(b) There are
(n
2

)
possible pairings, of which n – 1 will get to play (by part (a)). Hence, the

required probability P is

P =
n – 1(n

2

) =
n – 1

1
2n(n – 1)

=
2
n
.

Again, a very simple result. For example, if there were just n = 2 players, then P = 1:
clearly there is only one pair and they are bound to play. If there were 4 players however,
then P = 1

2 , reflecting the fact that there are
(4
2

)
= 6 possible pairings of which 3 will be

realized as actual matches (2 semi-finals and 1 final).

The relative strengths and seedings of the players will not affect this result as you are choos-
ing the pairings at random. It is similar to the situation with a race involving, let us say,
20 horses. Some are more likely to win than others but if you just choose your horse at random,
then the chances that you pick the winner will be 1 in 20.
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PROBLEM 32

Tumbling dice and a tricky toss

(a) A player pays £2 to the bank, rolls a pair of dice, and wins the difference between the two
numbers showing except if he throws double six, in which case he wins a free roll. Is this
a fair game?

(b) A fair coin is tossed repeatedly and you win £20 if the sequence TTH appears before the
sequence HTT, otherwise you lose £10.

What are your expected winnings in this game?
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Problem 32 solution

(a) Under this playing regime, the (6, 6) roll is effectively discounted, so there are (6 × 6) –
1 = 35 equally likely outcomes of the dice roll. The probability of a score of 5, 4, 3, 2, 1,
and 0 by the player is, respectively,

2
35,

4
35

,
6
35

,
8
35

,
10
35

,
5
35

.

For example, the dice rolls that lead to the player scoring 2 correspond to the eight
ordered pairs (6, 4), (5, 3), (4, 2), (3, 1), (1, 3), (2, 4), (3, 5), (4, 6), and so the associated
probability of the player winning £2 on any roll of the dice is 8

35 .
The expected win of the bank in pounds is given by

2 –
1
35

(2 × 5 + 4 × 4 + 6 × 3 + 8 × 2 + 10 × 1 + 5 × 0) =

= 2 –
1
35

(10 + 16 + 18 + 16 + 10 + 0) = 2 –
70
35

= 2 – 2 = 0.

And so the game is fair to both players.

(b) Like many games of chance, this set-up is deliberately deceptive. We might be tempted
to say that the game is essentially symmetric for the player and the bank. Therefore, each
has an equal chance of winning and since the player collects more when he wins, he is
on to a very good thing. However, this sloppy argument does not stand up to scrutiny.

The first two tosses of the coin yield one of four equally likely outcomes: HH, HT, TH, or
TT. In the first three cases, HTT must first appear before TTH, because, starting with any of
the first three possibilities, the first instance of TTmust be preceded by anH, so that HTTmust
show up first in the sequence. In the latter case, TTH must appear first. Hence the probability
of the player winning is just 1

4 . His expected winnings are therefore given by

1
4

× 20 –
3
4

× 10 = £5.00 – £7.50 = –£2.50.

And so we see that the apparent symmetry here is spurious and, despite the fact that the
player wins twice as much as the bank when a win does come his way, this game heavily favours
the bank!
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PROBLEM 33

Tactile random walks

(a) There are 2n identical coins on a table with equal numbers showing heads and showing
tails. Your task is to split them into two groups with each group having the same number
of heads as the other. Tomake it a bit trickier, you have to do this blindfolded and gloved.
In other words, not only can you not see the coins but you cannot feel the difference
between one side of a coin and the other, although you are free to move them around
and flip them over however you wish.

(b) A particle, P, moves randomly along the x-axis either one step to the right or the left, and
is equally likely to move either way. Use the idea of part (a) to show that the number of
walks that return to the origin after 2n steps is equal to the number of walks of 2n steps
that have an equal number of right steps in the first half and the second half of the walk.
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Problem 33 solution

(a) This pretty problem has arisen in different guises before but this version featured on the
website of the American Mathematical Society in 2015 and triggered a viral surge on the
internet. The question does not demand that the two groups are equal but we can supply
such a solution.

First, split the coins into two equal groups the left and the right say, of n coins each.
The left-hand group will have some unknown number, k of heads (and n – k tails), for
some number k in the range 0 ≤ k ≤ n. Since we know there are n heads overall, it fol-
lows that the right-hand group of coins must have the remaining n – k heads (and k
tails).

If we now flip over all the coins in the right-hand group, that group will have k heads
(and n – k tails). Therefore both groups now have an equal number, k, of heads and also
an equal number, n – k, of tails.

Of course, we do not know the value of k, although it is not a difficult exercise to find
the probability for each value of k in the experiment.

(b) The idea of part (a) allows you to see that the sizes of these two collections of walks
are equal. The way this is done is by identifying a natural one-to-one correspondence
between the two types of walk. If we can do this, it will follow in particular that there are
equal numbers of both types of walk.

But how do we match the collections? Consider a typical walk,W, that returns to the origin,
which is to say W has an equal number, n, of right and left steps. Let k denote the number of
right steps in the first half of W, (0 ≤ k ≤ n). Then the number of right steps in the second
half ofW is n – k. We now match the walkW with the walkW′ that results when we swap the
direction of every step in the second half ofW. The new walkW′ is identical toW for the first
n steps, and in particularW ′ also has k right steps in the first half of the walk. The second half
of W′, however, also has k right steps, as these arise when the k left steps in the second half
of W swap direction. In particular, W ′ has an equal number, k, of right steps in each half of
the walk.

We now need only check that this procedure does give us a required matching of walks that
return to the origin with walks that have an equal number of right steps in the first and second
halves of the walk. We have already noted that for a walk W of the first type, W ′ is indeed a
walk of the second type. Moreover, the operation that turns W into W ′ is reversible—indeed
the same action, swapping right and left steps in the second half of the walk, when acted on
W ′, takes you back to the original walk, W. It follows from this that the flipping procedure
does match the two collections with one another and so, in particular, the two collections have
the same number of walks.
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PROBLEM 34

More amblings

A particle, P, moves randomly, taking steps along the x-axis each of which is either a step to
the right or the left, and, on each occasion, P is equally likely to move either way.

0 21–1

Random walk with barriers.

(a) Given that P starts at the origin and there are absorbing barriers at –1 and 2, what is the
probability that P is absorbed on the right-hand barrier?

(b) Suppose now that the barriers in the random walk are removed. What is the probability
that after 2n tosses the walk that results has the same number of right steps in the first
half of the walk as in the second half?

2

3

–1–2

4

5

6
0

10

9

8

7

2

1

Free random walk on ten steps that returns to its starting point.

Hint: for part (b), use part (b) of Problem 33.
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Problem 34 solution

(a) Let a and b be the respective probabilities that P is absorbed at x = –1 and x = 2. Since
absorption is inevitable (as the probability of endless oscillation between x = 0 and x = 1
is 0) we have a + b = 1. Either P initially moves left from the origin, we write this as
P → –1 (probability 1

2 ), and so P is absorbed at x = –1, or P → 1 (probability 1
2 ). By

symmetry, the probability of P being absorbed at x = 2 given P → 1 is equal to a. Hence

b = Pr(P → 1)Pr(P is absorbed at x = 2|P → 1) =
1
2
a;

substituting a = 2b in our original probability equation now gives

2b + b = 3b = 1 and so b =
1
3
.

In conclusion, the chances that the particle will eventually be absorbed at the right-hand
barrier is 1

3 .

(b) Since there are two choices on offer at each step, the total number of walks involving 2n
steps is 22n. From Problem 33(b), we know that the number of walks with the same num-
ber of right steps in the first half of the walk as the second exactly matches the number of
walks that start and end at the origin, which is to say have n right steps and n left steps.
The number of ways of choosing the n positions for the n right steps in the walk of length
2n (and such a choice completely determines the walk) is the binomial coefficient

(2n
n

)
.

Hence the required probability p is

p =
(2n
n

)
22n

=
(2n)!
(2nn!)2

=
(2n – 1)(2n – 3) · · · 1

2n(2n – 2)(2n – 4) · · · 2 .

This is a very famous product; the ratio of the first n odd numbers over the first n evens. For
example, for n = 5 we get

p =
9 × 7 × 5 × 3

10 × 8 × 6 × 4 × 2
=

9 × 7
2 × 8 × 2 × 4 × 2

=
63
28

=
63
256

= 0 · 2461.
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PROBLEM 35

One in a million?

In 2014 the top four football clubs in the English Premiership, which at the time were
Manchester City, Liverpool, Arsenal, and Manchester United, all reached the last 16 of the
FA Cup competition. When the draw was made for the eight matches for that round, these
four teams were drawn against one another in two pairs. An extremely unlikely outcome, a
‘one in a million chance’ according to some pundits.

Well, was it really that unlikely?

What is the probability that each of these four teams is drawn with another in the round
of 16?
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Problem 35 solution

Let us look at the general situation where we begin with 2n teams and their names are drawn
from a hat, one after another, to produce n pairs. The number of different permutations that
may be formed of the 2n names as we draw them out is (2n)!. Each particular drawing of the
teams into pairs arises from n!2n of these permutations: the n! term counts the number of
arrangements of the n pairs and for each of the n pairs there is a factor of 2 corresponding to
the order of draw within the pair. Hence the number of ways of splitting a set of size 2n into
pairs is

pn =
(2n)!
2nn!

.

By multiplying each term in the n! product by one of the instances of 2 in the 2n term we see
that the denominator can be written as

(2n)(2n – 2)(2n – 4) · · · 2,

the product of the first n even numbers. Cancelling these terms into the numerator (2n)! tells
us that pn, the number of ways of splitting 2n objects into pairs, is the product of the first n odd
numbers:

pn = (2n – 1)(2n – 3) · · · 3.

Alternatively, we can establish this formula for pn by induction on n. (See end notes.)
In this problem, n = 8. The total number of ways the 16 teamsmay be drawn into pairs is p8.

We are interested in the number of these pairings where four named teams are drawn together.
There are p2 = 3 ways these four can be drawn against one another—once you pick one of the
three possible opponents for any specific team, the draw is fixed for all four of them, while
the other 12 teams can be drawn against one another in p6 ways. The total number of ways
therefore of splitting the eight pairs up in this fashion is p2p6. Hence, the required probability,
p, is given by the ratio

p =
p2p6
p8

=
4!
222!

· 12!
266!

· 2
88!
16!

=
4 × 3
1

· 8 × 7
16 × 15 × 14 × 13

=
1
65

.

And so it is quite unlikely—maybe a once in a lifetime event—but nothing like as unlikely as
winning the state lottery and certainly not grounds to suggest that the draw was ‘fixed’.
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PROBLEM 36

Loyalty versus Switch

Two utility companies, Solar Energy, known also as Pow, and Western Electricity, known as
Zap, Pow and Zap, together control the entire consumer power market. Pow finds that each
year a fixed proportion, p, of its customers defect to Zap while the rest remain loyal to Pow.
Similarly, a fixed proportion, q, of Zap’s customers swap to the alternative supplier with the
rest staying put.

Over time, the market share ratio, P : Z, of Pow to Zap customers reaches a steady state.
Express this ratio in terms of p and q.

Hint: in the steady state, the respective market shares of the two companies must not change
from year to year despite customers swapping suppliers in the manner described.

In particular, if Pow retains 75% of its customers each year while Zap keeps 90% of its share,
show that, in the long run, five out of seven people will be with Zap.
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Problem 36 solution

Given that Pow has customer share a (0 ≤ a ≤ 1) of the market, Zap then has a share of 1 – a.
According to the given switching rules, the market share for Pow in the following year will be

(1 – p)a + q(1 – a),

as Pow will retain the proportion 1 – p of its existing share, a, while poaching the proportion
q of the market share, 1 – a of its rival. The values of p and q are given. We need to find the
special value, a = m say, so that the market share for Pow does not change from one year to the
next. That is to say, we need to solve the equation:

(1 – p)m + q(1 –m) = m
⇒ m – pm + q – qm –m = 0

⇒ q –m(p + q) = 0,

⇒ m =
q

p + q
.

By symmetry, the steady-state share for Zap, 1 –m, will be given by the same expression
with p and q interchanged throughout. This is borne out by the algebra:

1 –m = 1 –
q

p + q
=
p + q – q
p + q

=
p

p + q
.

To answer the question, the long-term steady-state market share, P : Z, of Pow to Zap is

q
p + q

:
p

p + q
= q : p.

What this is telling us is that, in the long term, the market share ratio settles down to the ratio
of the poaching rates of the respective companies.

In particular, if Pow retains 75% of its customers each year while Zap holds on to 90%
of theirs, we have p = 1 – 0 · 75 = 0 · 25 while q = 1 – 0 · 90 = 0 · 10. The P : Z long term
customer share ratio is therefore

q : p = 0 · 10 : 0 · 25 = 10 : 25 = 2 : 5.

That is to say, in the long run, Zap ends up with 5
2+5 = 5

7 ≈ 71.4% of all custom.
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PROBLEM 37

Think it’s going to rain today?

Rain falls in my garden one day in three and when it does, my barometer shows rain with a
probability of 0 · 7; otherwise it has a 0 · 1 chance of showing rain.

(a) Find the probability that, on a random day, the barometer shows ‘rain’.

(b) Given that my barometer shows ‘rain’, what is the probability of rain today?
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Problem 37 solution

(a) Let R and B denote the respective events: R = ‘It is raining’, B = ‘barometer indicates rain’.
We are given P(B|R) = 0 · 7, P(B| ∼ R) = 0 · 1, and P(R) = 1

3 . Now from the general rule
(see notes on probability rules at the end of this chapter)

P(A ∩ B) = P(A|B)P(B) = P(B|A)P(A)

we get, in this example.

P(B) = P(B ∩ R) + P(B ∩ (∼ R)) = P(B|R)P(R) + P(B|(∼ R))P(∼ R)

=
( 7
10

× 1
3

)
+
( 1
10

× 2
3

)
=

7
30

+
2
30

=
9
30

=
3
10

.

Therefore, the chance that the barometer indicates ‘rain’ on a randomly chosen day is
30%.

(b) We require P(R|B). We make use of Bayes’s rule

P(A|B) =
P(B|A)P(A)

P(B)

and part (a) to get

P(R|B) =
P(B|R)P(R)

P(B)
=

7
10 × 1

3
3
10

=
7
30

× 10
3

=
7
9
.

The probability that it is raining, given that the barometer shows rain, is 7
9 .

As an example of conditional probability involving more than two events, suppose we have
three urns X1, X2, and X3, which contain white, red, and black marbles in respective numbers:

X1 : 1W, 3R, 2B, X2 : 3W, 1R, 1B, X3 : 3W, 3R, 3B.

Twomarbles taken (without replacement) from a randomly selected urn are first white, then
red. Show that the probabililty that these marbles came from X2 is 2

5 . (Solution in end notes.)
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PROBLEM 38

Persistence of recessive genes

The trait of eye colour is determined by parent genes, each of which consist of two alleles. For
a population consisting of individuals with blue or brown eyes, each parent has two allelles
of one of three specific genotypes: bb, bB, or BB, with b and B standing for blue and brown
respectively. Each parent passes on one of their alleles to their child who will inherit blue eyes
only if both parents pass on the blue allele, otherwise brown wins out, and hence the capital
letter. We say that the brown allele is dominant and the blue recessive.

Naively, we might then expect the brown allele to swamp the evolving population, with the
blue-eyed folk dying out. Of course, we know this does not happen at all and in fact the ratio
of blue to brown-eyed people quickly stabilizes. Why is that so?

There are three types of individual: bb, bB, and BB. It just so happens that we can imme-
diately see if someone is of the bb type, as they will have blue eyes—everyone else will be
brown-eyed and so we cannot distinguish between bB and BB people just by their appearance.
But what of it? All things being equal, a b allele has just as much chance as a B allele of being
passed to the next generation, so there is no reason why the proportion of the dominant B’s
should increase over time at the expense of the recessive b’s. In fact a brown-eyed couple may
be the parents of a blue-eyed child: indeed, if they are both carriers of the bB allele the chance
of this happening is one in four.

What is more suprising is how quickly the relative proportions settle down. Suppose we
begin with a population, Generation 0, where the initial proportions of people with the three
genotypes bb, bB, and BB are r, s, and t respectively, so that r + s + t = 1. Assume that parent
couples match up randomly with respect to their genotypes. A bb parent must pass on a b allele
and similarly a BB parent passes on a B but a bB parent has a 50/50 chance of passing on either
a b or a B allele to their baby.

(a) What will be the respective proportions of each genotype in the next generation,
Generation 1?

(b) Answer the same question for Generation 2.
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Problem 38 solution

(a) A parent of a child has respective probabilities of r, s, and t of being of genotypes bb, bB,
and BB. A bb parent will certainly pass on a b allele but a bB parent only has a probability
of 1

2 of doing this. Overall then, the probability that a randomly chosen parent passes
on a b allele to their offspring is r + s

2 , which we shall denote by p. It follows that the
proportion of children in Generation 1 that will be of the bb type will be p2. (In doing
this we are assuming that each parent chooses their partner randomly in regard to their
genotype, an assumption that could be questioned but which should be at least approx-
imately true.) It follows that p2 is the proportion of blue-eyed children in Generation 1,
with the remainder having brown eyes. The proportion of children of that generation of
genotype type BB will be, by the same reasoning, (t + s

2 )
2 = q2 say. Now note that

p + q = (r +
s
2
) + (t +

s
2
) = r + s + t = 1, and so,

1 = 12 = (p + q)2 = p2 + q2 + 2pq. ( 19)

It follows from (19) that the proportion of the population with the bB genotype will
then be 1 – (p2 + q2) = 2pq. Our answer to part (a) is therefore that at Generation 1 the
proportions of the population with each of the respective genotypes bb, BB, and bB are

bb : p2, BB : q2, bB : 2pq, where p = r + s
2 and q = t + s

2 . ( 20)

(b) Now for Generation 2. We may apply the same reasoning that we have just employed,
the only difference being that the proportions r, s, and t of the bb, bB, and BB types that
we had in Generation 0 have been replaced by the respective proportions p2, 2pq, and q2
in Generation 1. We hence infer that for Generation 2 the proportion of people with the
bb genotype will be

(
p2 +

2pq
2
)2 = (p2 + pq)2 = (p(p + q))2 = (p · 1)2 = p2.

Hence the incidence rate of the bb genotype remains at the same value, p2, as we pass
from Generation 1 to Generation 2. By just the same reasoning, the proportion of the BB
types also remains at its Generation 1 value of q2, and then, by subtraction from 1, we
deduce that the proportion of people of the mixed genotype bB must also remain at the
same value of 2pq.

Therefore we conclude that for Generation 2, and hence for every subsequent generation,
the proportion of the population with each genotype remains the same and those proportions
are given as in (20). Overall then, the proportion of the blue-eyed remains fixed at p2 = (r + s

2 )
2,

with the rest having brown eyes.
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PROBLEM 39

Counting mappings

Let Nn = {0, 1, 2, · · · , n – 1}. The set of all mappings α : Nn → Nn is called the full transforma-
tion semigroup, denoted by Tn, as this collection is closed under function composition, which
is an associative operation, and so Tn forms what is known in algebra as a semigroup. Better
known perhaps is the collection of all permutations in Tn, which is to say the set of all one-to-
one mappings on Nn, known as the symmetric group, Sn. (The collection Sn is a group, and not
just a semigroup, as each α ∈ Sn has an inverse mapping, α–1, such that α ◦ α–1 = α–1 ◦ α = ε,
the identity mapping on Nn.)

(a) How many members does each of Tn and Sn possess?

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5

Typical mappings in T6, S6, and O6, respectively.

(b) Another semigroup contained in Tn is On, the semigroup of all order-preserving (also
called increasing) mappings α ∈ Tn. To define this collection we consider Nn to be
ordered in the natural way: 0 < 1 < 2 < · · · < n – 1 and say that α ∈ Tn is order-
preserving if α satisfies the condition:

i ≤ j → α(i) ≤ α(j), (i, j ∈ Nn).

Show that the number of order-preserving mappings α : Nr → Nn equals the number of
non-negative integer solutions to the equation:

x0 + x1 + · · · + xr = n – 1.

Use the technique of Problem 7 to find the number of such solutions and thereby show that
the number of order-preserving mappings on Nn is

(2n–1
n–1

)
.
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Problem 39 solution

(a) To construct a mapping α onNn we have n independent choices for each of the numbers
α(0),α(1), · · · ,α(n – 1), yielding nn possibilities all told. (The members of Tn are not
required to be one to one.)

On the other hand, if we build a permutation, α ∈ Sn, we have n choices for α(0), n – 1
choices for α(1), and so on, down to two choices for α(n – 2), and just one final choice for
α(n – 1) (as α must be a one-to-one mapping, so no two members of the domain of α may
have the same image). Hence Sn has n! members in all.

These results are often written as

|Tn| = nn, |Sn| = n!

(b) Given a solution in non-negative integers to x0 + x1 + · · · + xr = n – 1, we may ‘code’ this
as an order-preserving mapping by putting α(0) = x0, and generally

α(i + 1) = α(i) + xi = x0 + x1 + · · · + xi (0 ≤ i ≤ r – 2), with α(r) = n – 1 – xr .

The order-preserving condition is then clearly satisfied except perhaps when i = r – 1.
However,

α(r – 1) = x0 + x1 + · · · + xr–2 = n – 1 – xr – xr–1 ≤ n – 1 – xr = α(r)

so that α does indeed preserve order. Moreover, different solutions to the equation give rise to
distinct mappings so that the number of order-preserving mappings from Nr to Nn matches
the number of solutions of our equation in non-negative integers.

For example, for r = n = 6 let us take the solution represented as,

x0 + x1 + x2 + x3 + x4 + x5 = 0 + 1 + 0 + 1 + 3 + 0 = 5 = 6 – 1.

The corresponding member α ∈ O6 is given by

α(0) = 0, α(1) = 1 = α(2), α(3) = 2, α(4) = 5 = α(5),

which is the example illustrated on the previous page.
By the technique of Problem 7, the number of such solutions is the binomial coefficient(r+n–1

n–1

)
=
(r+n–1

r

)
. Putting r = n we find that the size, |On|, of the set of all order-preserving

mappings on Nn is given by

|On| =
(
2n – 1
n – 1

)
=
(
2n – 1
n

)
.
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PROBLEM 40

Area under the bell curve

The final question in this section involves more sophisticated calculus techniques that have
been required up until now. The subject of the question is an integral in two variables, which
is calculated by a change of variables.

(a) By transforming to polar co-ordinates, find the value of the double-integral:

I =
∫ ∞

–∞

∫ ∞

–∞
e–(x

2+y2)dxdy

and so deduce the value of
∫∞
–∞ e–x2dx.

–2
–3–3

–2
–1

0
1

2
3
0

0.2
0.4
0.6
0.8
1

–1
0

1
2

3

Volume under the surface.

(b) Use the result of part (a) to show that the function f (x) = 1√
2π
e–

1
2 x

2 taken over the entire
real line is a probability density function, which is to say that f (x) ≥ 0 and

∫∞
–∞ f (x) dx = 1.

0 x

y

1
2π

Area under the bell curve.
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Problem 40 solution

(a) In order to integrate over the entire plane, as is required, the polar variables take on the
ranges 0 ≤ r ≤ ∞ and 0 ≤ θ ≤ 2π , respectively. The advantage of polars here is that the
expression x2 + y2 is simply replaced by r2, while dxdy is replaced by rdrdθ . Hence we
get the transformed integral:

I =
∫ 2π

0

∫ ∞

0
re–r

2
drdθ =

∫ 2π

0
[–
1
2
e–r

2
]∞0 dθ =

∫ 2π

0
[0 – (–

1
2
)]dθ

=
1
2

∫ 2π

0
dθ =

1
2
[θ]2π0 =

1
2
[2π – 0] =

1
2

· 2π = π .

Next we note that by separating variables we get an alternative expression for I:

I =
∫ ∞

–∞
e–x

2( ∫ ∞

–∞
e–y

2
dy
)
dx =

( ∫ ∞

–∞
e–x

2
dx
)( ∫ ∞

–∞
e–y

2
dy
)
=
( ∫ ∞

–∞
e–x

2
dx
)2.

∴
∫ ∞

–∞
e–x

2
dx =

√
I =

√
π .

(b) Finally let J denote
∫∞
–∞ e–

1
2 x

2dx. Making the substitution x =
√
2u gives dx =

√
2du and

x2 = 2u2, thus yielding

J =
√
2
∫ ∞

–∞
e–

1
2 2u

2
du =

√
2
∫ ∞

–∞
e–u

2
du =

√
2I =

√
2
√

π =
√
2π .

This yields the conclusion:

1√
2π

∫ ∞

–∞
e–

1
2 x

2
dx = 1.

Finally, since the exponential function only has positive outputs, we may now conclude
that f (x) = 1√

2π
e–

1
2 x

2 , (–∞ < x < ∞) is a probability density function.

This probability distribution, which arises constantly in probability and statistics, goes by
the name of the normal or Gaussian distribution.

This calculation is an example of where two variables are better than one: a calculus problem
in one variable only is, on this occasion, more easily solved by dealing with a correspond-
ing problem in two variables and then inferring consequences for the original one-variable
question.
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Chance and combinations notes

Probability

By P(A) we mean the probability of an event A which always satisfies 0 ≤ P(A) ≤ 1. We write
P(A ∩ B) for the probability thatA and B both occur which equals P(A)P(B) if the eventsA and
B are independent. Similarly, we write P(A ∪ B) for the probability that A or B (and perhaps
both) occur. We always have

P(A ∪ B) = P(A) + P(B) – P(A ∩ B).

A collection of events A1,A2, · · · ,An is called mutually exclusive if the occurrence of each
one excludes the possibility of any of the others. The collection is called exhaustive if at least
one of them must occur. If A is any event and A1,A2, · · · ,An form a collection of mutually
exclusive and exhaustive events then

P(A) = P(A ∩ A1) + P(A ∩ A2) + · · · + P(A ∩ An).

In particular if B is any event and ∼ B denotes the event that B does not occur then we have
P(A) = P(A ∩ B) + P(A ∩ (∼ B)).

The conditional probability of A given B is denoted by P(A|B) and is the probability of A
given that B has occurred. The definition of conditional probability takes the form P(A|B) =
P(A∩B)
P(B) and simply by interchanging symbols we obtain P(B|A) = P(A∩B)

P(A) . Cross multiplying in
these equations gives two expressions for P(A ∩ B):

P(A ∩ B) = P(A|B)P(B) = P(B|A)P(A).

This leads to the famous Bayes’s rule for conditional probability:

P(A|B) =
P(B|A)P(A)

P(B)
.

Comments on chance and combinations problems

Problem 34 A celebrated result known as the Wallis formula for π allows it to be shown that
p approaches 1√

πn for large n. A bonus of the argument above comes from observing that the

number of walks with k right steps in each half of the walk is
(n
k

)2. Summing over k now gives
the identity:

n∑
k=0

(
n
k

)2

=
(
2n
n

)
.

Problem 35 We prove by induction on n that the number of ways pn of breaking a set of 2n
objects into pairs is the product of the first n odd numbers, a claim that is clearly true for n = 1.
Suppose then that the claim holds for some n ≥ 1 and consider a set of 2n + 2 objects. We may
pair together the last two objects,A and B let us call them, and then pair the initial 2n objects in
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pairs in pn ways to form a required collection of n + 1 pairs. Alternatively we may pair A with
one of the first 2n objects and then B with one of the remaining 2n – 1 objects in 2n(2n – 1)
ways; having done this, the remaining (2n + 2) – 4 = 2n – 2 = 2(n – 1) objects may be paired
among themselves in pn–1 ways. This gives the recursion:

pn+1 = pn + 2n(2n – 1)pn–1
= pn + 2npn = pn(1 + 2n),

which by the inductive hypothesis is equal to

(2n + 1)(2n – 1)(2n – 3) · · · 3,

the product of the first n + 1 odd numbers, as we require.

Problem 37 Let Xj ≡ ‘selection from urn j’ (j = 1, 2, 3) and let A ≡ ‘white ball and red ball
chosen from urn’. We require P(X2|A). We have P(Xj) = 1

3 . Also

P(A|X1) =
1
6

· 3
5
=

1
10

, P(A|X2) =
3
5

· 1
4
=

3
20

, P(A|X3) =
3
9

· 3
8
=
1
8
.

Hence

P(A) =
1
10

· 1
3
+

3
20

· 1
3
+
1
8

· 1
3
=
1
3

( 1
10

+
3
20

+
1
8

)
=
1
8
.

Therefore, by Bayes’s Rule,

P(X2|A) =
P(A|X2)P(X2)

P(A)
=

3
20 · 1

3
1
8

=
8
20

=
2
5
.

Problem 38 G.H. Hardy has recently come back into the public eye through the film The Man
Who Knew Infinity about the life of the Indian genius Ramanujan and his time at Cambridge.
Hardy famously boasted that none of the mathematics he ever produced was of any use.
However, that is far from true as the equations of Problem 38, the so-called Hardy–Weinberg
equations, are fundamental to genetics and were famously derived by Hardy on the back of an
envelope while watching a cricket match.



PART 5

Movement

Introduction

The opening problems are in kinematics, which is study of motion itself without reference
to what may be causing it. Only the later problems involve some simple aspects of physics; for
instance Problem 47 uses one of Kepler’s law of planetarymotion while the ideas ofmomentum
and energy are involved in Problem 48. The final two problems on the other hand are to do
with light and lenses; Problem 50 in particular shows how Snell’s law of refraction arises.

It is only these last two where calculus comes into the calculations. For all the earlier ques-
tions the underlying mathematics just involves solution of certain algebraic equations that can
be gleaned from the context of the problem.

Some of the basic equations involving displacement, velocity, and acceleration are given in
the notes at the end of the part.
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PROBLEM 41

Cycling questions

First a simple question. Always remember that maths is often about equations and to set them
up you sometimes need to introduce additional symbols, say what they mean, and then use
them. Also, you need to be careful as to which units of measurement you are working in
throughout.

(a) I can cycle to work at 12 mph or walk at 4 mph and I save 10 minutes if I ride my bike.
How far is it to work?

(b) A cyclist rides from A to B and back in 2 hours. On the way out, with the wind behind
her, she travels at 35km/hr but on the return journey into the wind she rides at 25km/hr.
How far is it from A to B?
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Problem 41 solution

(a) Let d be the distance to work and let t1 and t2 stand for the respective times taken for
the journey by bike and on foot. Using the basic idea that distance travelled equals speed
multiplied by time, and working in units of hours and miles, we then have the equations:

d = 12t1 = 4t2 and t2 = t1 +
1
6
.

We can therefore find d if we know either of the times involved. Substituting for t2 in the
first equation by using the second we obtain

3t1 = t2 = t1 +
1
6
and so 2t1 =

1
6

⇒ t1 =
1
12

hours.

Our distance d is then given by d = 12 × 1
12 = 1 mile. It is one mile to work, which takes

me 5 minutes on the bike but is a 15 minute walk.

(b) Although not a trick question by any means, there is a pitfall here to avoid. We might
be tempted to say, rather airily, that the average speed of the cyclist is 30km/hr and so
30km is the distance between points A and B. Not true. Things like wind and hills on a
round trip will cause your average speed to drop because you spend longer travelling at
the slower speed than the faster one. We need to be more precise, although the previous
discussion does suggest that the answer should be about 30km, and that we expect the
true answer to be a little less.

Let’s see. Once again let d be the distance between A and B and let t1 and t2 denote the
times of the outward and homeward journeys, respectively. Once again we have a pair of
simultaneous equations:

35t1 = 25t2, t1 + t2 = 2.

Hence we get t2 = 35
25 t1 =

7
5 t1 and substituting t2 = 2 – t1 into this equation we obtain

2 – t1 =
7
5
t1 and so

12
5
t1 = 2 ⇒ t1 =

10
12

=
5
6
hours.

Hence we find d as

d = 35t1 = 35 × 5
6
=
175
6

= 29
1
6
km.

Once again we can solve for the remaining unknown as well if we wish t2 = 2 – t1 = 7
6 hours.
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PROBLEM 42

On the run

(a) (From the Chinese manuscript: Nine Chapters on the Mathematcial Art, cf. 250 BC.)
A good runner covers 100 paces in the time a poor runner covers 60 paces. The good
runner sets off in pursuit of the poor runner who has a 100 paces start. How many paces
does it take for the faster runner to catch the slower one?

(b) The hands of a clock point in the same direction at midday, and at a little after 5 past 1,
and a little more after 10 past 2, and so on. Exactly how much time elapses after midday
until the hands of the clock coincide?

This problem may look completely different from that of part (a) but there is a connection.
Think of the tip of the hands as two rather leisurely athletes running around a circular track
who both set off together at noon. The question asks for the time when the faster runner laps
the slower one.
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Problem 42 solution

(a) The ratio of the slow to the fast runner’s speed is 60 : 100 = 3 : 5. Hence when the faster
athlete has run a distance d the slower one has run only 3

5d. Given the fact the slow man
had 100 paces start, the distance when the fast man catches up satisfies the equation:

d = 100 +
3d
5

and so
2d
5

= 100

⇒ d =
5
2

× 100 = 250.

Therefore the fast runner will have travelled 250 paces when he catches the slower
runner.

(b) This problem can be solved in three different ways. First, let us take the hint and think of
the question as the task of finding when the minute hand laps the hour hand. The hour
hand runs at a pace of 1

12 of a circuit per hour while the minute hand runs at one lap per
hour. We want to know the time t when the minute hand has run one full lap more than
the hour hand. In units of laps/hour this gives the equation:

t = 1 +
t
12

and so
11
12

t = 1 and t =
12
11

= 1
1
11

.

This is to say that the minute hand next catches the hour hand 1 1
11 = 1 hour and 5 · 45

minutes after noon. To the nearest second this is 1 : 05 and 27 seconds.

The quickest and slickest argument, however, comes from merely noting that the coincid-
ences occur at equally spaced time intervals and that in any 12 hour cycle there are 11 of them
(yes 11, not 12). Therefore, the time between coincidences of the hands must be 12

11 hours. For
a third approach, involving geometric progressions, see the end notes.

Here is another question along these lines. Non-working show clocks in jewellery shop win-
dows often display their stylish faces by being set at the moment after 8 o’clock where the
minute and hour hands make equal angles with the vertical. Exactly what time is this?
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PROBLEM 43

Sam Loyd’s ferry boat problem

(a) Sam Loyd, the America problem setter, was the nineteenth century version of Martin
Gardner, the famous twentieth century connoisseur of the mathematical recreational
puzzle. His best puzzle was undoubtedly the next one, which is his ferry boats problem.

Two boats set off simultaneously but at different speeds from opposite banks of the
river, each ferrying passengers to the other bank. They first pass each other 720 yards
from one shore. Upon reaching dock, each has a 10 minute changeover period to allow
passengers to disembark and the new passengers to board for the return journey. On the
way back, the ferries again pass each other, this time 400 yards from the second river
bank. Loyd now asked the question: How wide is the river?

(b) Loyd was very proud of this question, and of his solution, which is indeed very simple
and involves little ‘cut-and-dried mathematics’ as he put it. He claimed, quite rightly,
that his little conundrum would stump all manner of clever people. Certainly, for such
a simple looking question, it is a bit tricky! If you want to explore a little further, try to
find the ratio of the speeds of the two ferries.
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Problem 43 solutions

(a) The first time the boats meet, the combined distance they have travelled equals the width
of the river. At their second meeting, they have travelled a combined length equal to
three times the river’s width (as both have crossed the river once and are now returning
to their respective home ports). The boat that had travelled 720 yards at the first meeting
has therefore travelled three times that ( 3 × 720 = 2160 yards) at the second meeting.
As this boat has then travelled the width of the river plus 400 yards, the width of the river
is therefore 2160 – 400 = 1760 yards, which is one mile.

The solution made no mention of the stop over period. However, although these peri-
ods were not simultaneous, they were of equal duration so Loyd’s conclusion that, on
their second meeting, both ferry boats had travelled three times as far as they had at the
time of the first cross-over, is valid. This is because the total distance has tripled and we
are assuming that the boats are moving at constant (albeit different) speeds.

(b) We may also determine the ratio of the boats’ speeds by using the distance = velocity ×
time formula: d = vt. Letw denote the width of the river and let us work generally, letting
a and b stand for the respective distances from the left and right banks at the times of
the first and second crossovers. Let u be the speed of the ferry that initially departs from
the left bank and let v be the speed of the second boat. If we let t be the time of the first
meeting we have a = ut, w – a = vt, and making t the subject of each equation gives

a
u
=
w – a
v

⇒ a
w – a

=
u
v
.

Letting t now denote the travelling time until the second rendevous (ignoring the
inconsequential stopovers) we get w + b = ut, 2w – b = vt, and so

w + b
u

=
2w – b

v
⇒ w + b

2w – b
=
u
v
.

Equating the two expressions for u
v now gives

a
w – a

=
w + b
2w – b

⇒ 2aw – ab = w2 + bw – aw – ab

⇒ w2 + (b – 3a)w = 0;

since w �= 0 we may divide this final equation by w and thus obtain w = 3a – b.

Returning to the original problem, where a and b are given as a = 720 and b = 400 respect-
ively, we recover w = 3 × 720 – 400 = 2160 – 400 = 1760. At the same time we have that the
ratio of the boat speeds, u

v , is given by

u
v
=

a
w – a

=
720

1760 – 720
=

720
1040

=
9
13

.

In words, the ratio of the speed of the slower to the faster ferry is 9 : 13.
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PROBLEM 44

Cylinder problems

(a) A string is wound round a cylinder four times in the manner of the diagram below. The
cylinder is 12 inches long with a circumference of 4 inches. How long is this piece of
string?

12

4

(b) An ant is on the outside of a cylindrical glass, 1 inch from the bottom. A drop of honey is
on the inside of the glass, 1 inch from the rim and on the opposite side to the ant. Given
that the glass is 4 inches tall with a circumference of 6 inches, how far does the ant have
to travel to get to this honey?

6

H
P = ? 1

1

4

A 6 = 3
2

A

H

4

1

1 6

Both questions are best answered by imagining the cylinder cut open along a line perpen-
dicular to its base and flattened into a rectangle, as suggested in our second diagram. This does
not change the distances between points on the surface and then the problems are just about
walking around rectangles.



112 PROFESSOR HIGGINS’S PROBLEM COLLECTION

Problem 44 solution

(a) The answer will be four times the length of a single winding of the string, so let’s focus
on the length of a single winding.

Opening up the cylinder to form a rectangle, we see that the first complete wind of the
string then corresponds to the diagonal of a rectangle with horizontal length 1

4 × 12 = 3
inches and vertical length that of the cylinder’s circumference, which is given as 4 inches.
Hence, by Pythagoras we get the length, l, of one wind satisfies

l2 = 32 + 42 = 9 + 16 = 25.

Therefore l =
√
25 = 5 inches. The total string length is therefore 4l = 4 × 5 = 20 inches.

If we are suspicious of the validity of the flattening argument we can pass to a more
sophisticated technique involving calculus as to be seen in the end notes of the part.

(b) It’s a similar story with our honey-loving ant, except he has to pass from one side of the
rectangle (the outside of the glass) to the other (the inside). In order to do this he needs
to walk to some point P on the rim in order to pass into the glass and then head straight
to the honey. To keep the path as short as possible, the paths from his starting point,A, to
the rim at P, and from P to the honey,H, should be straight line segments. The only ques-
tion that remains then is to find the optimal point P on the rim for our ant to head for.

We can think of the surface as consisting of two copies of the rectangle with the rim as the
common boundary. The lower and upper rectangles then represent the outside and inside of
the glass, respectively. The complete path of our ant can be regarded as a continuous line,APH,
with a kink in the line at P. We make this path as short as possible by removing that kink, so
that APH is straight. This makes APH into the hypotenuse of a 3, 4, 5 right-angled triangle so
that the shortest path for our hungry ant has length 5 inches.

6

3

3

P

A

1

5

8

3

1

H
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PROBLEM 45

Catching The Goblin

A patrol boat spots a trawler, The Goblin, to the North-East, steaming due North at 10 knots.
Suspecting The Goblin of smuggling contraband, the patrol sets off on an interception course
at a speed of 25 knots. Find the bearing, to the nearest degree East of North, of the path of the
patrol boat.

Again this is a problem that is not difficult although it may seem that we are not given
enough information to solve it. We might like to know the value of the initial separation of the
patrol boat and its target, but that is not given. For that reason, it will not be possible to find
the time before the interception takes place, so we may choose to work with time as a variable,
t, and see where it leads.
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Problem 45 solution

Consider the triangle �PIG, where P denotes the initial position of the patrol boat, I the inter-
ception point, and G the initial position of The Goblin. The initial bearing of The Goblin from
the point of view of the patrol is 45◦ East of North as shown.

25 t

135º

I

45º

P

θº = ?

10 t

G

αº

Let us say that the interception comes after time t, so that |PI| = 25t and |GI| = 10t. Let
α = � GPI. Then by the Sine Rule we have

sinα

10t
=
sin 135◦

25t
.

Now sin 135◦ = sin(180 – 135)◦ = sin 45◦ =
√
2
2 . Hence we obtain

sinα =
10t
25t

·
√
2
2

=
2
5

·
√
2
2

=
√
2
5

.

We then get

θ = 45◦ – α = 45◦ – sin–1
(√

2
5

)
= 28.57◦.

The answer is then that the bearing of the patrol boat is, to the nearest degree, 29◦ East of
North.

It is interesting to note that the solution is indeed independent of the initial separation of
the two vessels for it is independent of the time taken for the interception.
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PROBLEM 46

Flag in the wind

As a ship is sailing due East at 10 knots the captain sees the ship’s flag on themast head pointing
South East.

When she turns her heading to sail due South, the flag now points directly East.

What is the wind’s speed and direction?
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Problem 46 solution

Let v denote the unknown velocity vector of the wind. From the viewpoint of the flag, as the
ship sails East, the wind it encounters is the sum of v and an apparent wind of 10 knots in
the opposite (westerly) direction. When steaming South, the flag feels a breeze that has a com-
ponent of 10 knots in a northerly direction added to the prevailing wind vector v. The two
corresponding vector sums give rise to a pair of triangles with common side v, which may be
drawn as a single quadrilateral with v as a diagonal, as shown below.

45º

135º

10

10

v

αº
(45 – α)º

Apparent wind vectors acting on the flag.

All internal angles of the quadrilateral are known but we need to determine the value of the
unknown angle, α. Writing v for the length of the vector v and noting that sin 45◦ = cos 45◦ =
sin 135◦ = 1√

2
, we have by the Sine rule:

v
sin 135◦ =

10
sinα

,
v

sin 90◦ =
10

sin(45 – α)◦
, which respectively simplify to

v =
10√
2 sinα

, v =
10

sin(45 – α)◦
.

Equating denominators and expanding sin(45 – α)◦ gives

1√
2

(
sin 45◦ cosα – cos 45◦ sinα

)
=
1
2
(cosα – sinα) = sinα

⇒ cosα – sinα

sinα
= 2 and so cotα = 2 + 1 = 3; hence

α = tan–1
(
1
3

)
≈ 18 · 4◦. Moreover

sin2 α

cos2 α
=
1
9

⇒ 9 sin2 α – (1 – sin2 α) = 10 sin2 α – 1 = 0

⇒ sinα =
1√
10

and so v =
10√
2 sinα

=
10

√
10√
2

= 10
√
5 ≈ 22 · 4 knots.

In summary, the wind is coming from a bearing of 90 + (45 – α)◦ = (135 – 18.4)◦ = 116 · 4◦
East of North at a speed of 22.4 knots.
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PROBLEM 47

Planetary motion

(a) Kepler’s Third Law says that the square of the period (year) of a planet is proportional
to the cube of the radius of its orbit. What is the length of the year of an asteroid that is
twice as far from the Sun as is the Earth?

Photo courtesy of NASA.

(b) In 1543 Copernicus measured the length of the year of Saturn to be about 29.5 Earth
years. How far is Saturn from the Sun? (Use the radius of Earth’s orbit as one unit.)

Photo courtesy of NASA.
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Problem 47 solution

(a) Let’s denote the period (length of year) of the Earth and of the asteroid by P and Q
respectively and similarly write R and S for their respective radii. By Kepler’s third law
we then have

P2

R3 =
Q2

S3
and so Q2 =

P2S3

R3 ;

whereupon by putting S = 2R and cancelling the powers of R we obtain

Q2 = 8P2 ⇒ Q = 2
√
2P ≈ 2 · 828 Earth years.

(b) Again by rearranging the Kepler formula we get

S3 =
Q2R3

P2 .

Replacing Q by 29 · 5P and cancelling the powers of P then gives

S3 =
(
29 · 5P

P

)2

R3 ⇒ S =
(
29 · 5) 23 R

so that the distance of Saturn from the Sun is about 9 · 6 astronomical units, where one
AU is the mean distance of the Earth from the Sun. This then comes to

S = 9 · 6 × (9 · 3 × 106) = 8 · 9 × 107 miles,

which is to say 890 million miles.

Of course Kepler famously proved that planetary orbits are not circular but elliptical with
the Sun at one focus, which is called his first law, while his second law says that the line from
the Sun to a planet sweeps out equal areas in equal times. However, the above approximate cal-
culations are quite accurate as most planetary orbits are near circular including that of our own
home planet. Newton used his Universal law of gravitation and calculus (which he invented)
to explain Kepler’s laws.
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PROBLEM 48

Elastic collision

A particle of unit mass strikes a stationary particle of mass m and afterwards they rebound
away from each other at equal speeds. What is the value ofm?

1 m

m1

Two masses before and after collision.

You need to be aware that in a collision such as this one both momentum and (kinetic)
energy must be conserved, giving two equations in two unknowns for you to solve.

In general, for a particle of mass m moving with velocity v, its momentum is mv while its
kinetic energy is given by 1

2mv2.
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Problem 48 solution

Let the unit mass be initially moving (to the right) with velocity u towards the stationary object
of massm so that the total momentum of the system is 1 × u = u.

1
1
2

e =

u

u2

mv–v

1

m

m 1
2

mv21
2

v2

Before and after momentum and energy of the two masses.

After the collision the object of mass m has velocity v, say, so that of the unit mass is –v by
the condition given in the problem. Since the total momentum of the system is unchanged we
obtain the equation

u = mv – v = v(m – 1) and so
u
v
= m – 1.

The (kinetic) energy of the system is 1
2u

2 and since that is also conserved in any (elastic)
collision we have a second equation:

1
2
u2 =

1
2
mv2 +

1
2
v2 and so u2 = v2(m + 1)

⇒ u2

v2
= m + 1.

Comparing our two equations and squaring the first leads to

(m – 1)2 = m + 1 and so m2 – 2m + 1 = m + 1
⇒ m2 – 3m = m(m – 3) = 0.

Sincem �= 0 we deduce thatm = 3.
In conclusion, the stationary particle has three times the mass of the moving particle that

struck it.
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PROBLEM 49

Slip sliding away?

Two different looking problems here but both depend on the chain rule for their solution.
In each case there are two related variables, each of which is a function of a third variable,
time, and the question asks for the time derivative of one variable given the speed of the other.
Time derivatives are sometimes conveniently expressed using the Newtonian notation, ẋ, ẍ, etc
instead of the notation of Leibniz, dx

dt ,
d2x
dt2 , etc.

(a) A 5 m ladder, leaning against a wall, slips so that its base moves away from the wall at a
rate of 2 m/sec. How fast will the top of the ladder be moving down the wall when the
base is 4 m from the wall?

5

2 m/sec

?

(b) The respective distances, u and v of an object and its image from a lens of focal length f
are related by the equation:

1
u
+
1
v
=
1
f
.

An object is moved towards a lens of focal length 6 cm at a speed of 4 cm/sec. How fast
is the image receding from the lens when the object is 5 cm from the lens?

4 m / sec

Image retreating as object approaches a lens.



122 PROFESSOR HIGGINS’S PROBLEM COLLECTION

Problem 49 solution

(a) Let x and y denote the respective distances of the base of the ladder to the wall and the
height of the top of the ladder above the ground. By Pythagoras we have the relationship
x2 + y2 = 25. Differentiating with respect to time, t, using the chain rule gives

2xẋ + 2yẏ = 0 and so ẏ =
(
–
x
y

)
ẋ.

When x = 4, y = 3, ẋ = 2 (given), so that

ẏ|x=4 =
(
–
4
3

)
(2) = –

8
3
m/sec.

The top of the ladder is falling down the wall at the faster speed of 2 2
3 m/sec. You do

hit the ground with quite a bump!

(b) In this case we have 1
u + 1

v = 1
f = 1

6 , u̇(t) = 4. Differentiating the equation with respect to
time (using the chain rule) gives

1
u2

du
dt

+
1
v2

dv
dt

= 0

⇒ dv
dt

= –
v2

u2
du
dt

.

Now u = 5 gives, by using the focal length equation, that

1
v
=
1
6
–
1
5
=

1
30

and so v = 30.

We require

dv
dt

|u=5 = –
302

52
· 4 = –144 cm/sec.

That is to say the image is retreating at a rate of 144 cm/sec.
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PROBLEM 50

Fermat’s Principle and Snell’s Law of Refraction

Fermat’s principle says that the path of light as it travels between two points, P and Q, is the
one which requires the least time. Apply this in the following situations.

P
Q

θ1

h1 h2

1
0 x 1–x

θ2

Light beam reflecting from a mirror.

(a) Use Fermat’s principle to show the principle of reflection: the angle of incidence of a light
ray, θ1, from a mirror equals θ2, the angle of reflection.

The key to this problem is the observation that we can infer the angles are equal so
long as we know that either the sines or the cosines of the angles are equal, and the latter
quantities arise naturally in the course of the calculation when you use the symbology as
setup in the diagram.

P

h1

h2

θ1

θ2
x

1–x

Light beam refracting through transparent media.

(b) The speed of light in a dense but transparent medium is less than c, the speed of light in
a vacuum, which is about 3 × 105 km/hr. Let the speed of light in the two media be c1
and c2, respectively. Use the Fermat principle to derive Snell’s law of refraction:

sin θ1

sin θ2
=
c1
c2
:

where the angles θ1 and θ2 are measured from the normal to surface to the line of the
travelling ray, as shown.
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Problem 50 solution

(a) Taking the component of travel along the x-axis between P and Q as one unit, we label
the diagram as shown. Since the light is travelling at constant speed, the least time taken
for the journey is found by minimizing the distance travelled by the beam, which is the
following function of x:

d(x) =
√
x2 + h21 +

√
(1 – x)2 + h22

⇒ d′(x) =
x√

x2 + h21
–

1 – x√
(1 – x)2 + h22

.

Putting d′(x) = 0 gives

x√
x2 + h21

=
1 – x√

(1 – x)2 + h22
⇔ cos θ1 = cos θ2,

which implies that θ1 = θ2.
This natural efficiency of light to take the shortest path was noted by Heron of Alexandria

in the first century AD who observed that ‘Nature never acts in vain’.

(b) In the case of light travelling between the two media by the given route, we find that
through using the formula t = d/v the total time taken is given by

t(x) =
√
x2 + h21
c1

+
√
(1 – x)2 + h22

c2

⇒ t′(x) =
x

c1
√
x2 + h21

–
1 – x

c2
√
(1 – x)2 + h22

.

By Fermat’s principle, the physical path taken by the light ray will minimize the quantity t(x),
so setting the derivative equal to zero gives

sin θ1

c1
=
sin θ2

c2
⇔ c1 sin θ2 = c2 sin θ1 ⇔ sin θ1

sin θ2
=
c1
c2
.

The quantity ni = c
ci
(i = 1, 2) is called the refractive index of medium i. Snell’s law is often

expressed in terms of refractive indices and then takes the form:

c sin θ2

n1
=
c sin θ2

n2
⇔ n1 sin θ1 = n2 sin θ2.
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Movement notes

Laws of motion

One of the simplest is that, under constant speed v, the distance s travelled by a particle P after
time t is given by s = vt. One step more subtle is the derivation of the constant acceleration
formulae. Suppose now that P moves with constant acceleration dv

dt = a and initial velocity u.
Integrating a with respect to time then gives that the velocity of P after time t is

v =
dx
dt

= u + at. ( 21)

Integrating both sides of equation (21) with respect to time gives that at time t, the distance
travelled by P is

s = ut +
1
2
at2. ( 22)

From (21) and (22) wemay obtain a formula for v in terms of u, a, and s (and so not involving t)
as follows:

v2 – u2 = (u2 + a2t2 + 2uat) – u2 = 2a
(
1
2
at2 + ut

)
= 2as,

which is to say

v2 = u2 + 2as.

The previous rules apply to kinematics, which is the study of motion in its own right with
out reference to the physical laws that determine that motion. Physical dynamics involves the
notion of the momentum of a particle P, which is mv, where m is the mass of P and v its
velocity, which is a vector quantity for it has both magnitude v (speed) and direction. In any
closed physical system, momentum is always conserved, as is the total energy of the system.
The kinetic energy of P is given by 1

2mv2.
Newton’s law that relates force to acceleration undergone by P is that F = ma where both

the force, F, and the acceleration, a, are vector quantities with the same direction.
Any two masses, m1 and m2, separated by a distance r exert a mutual gravitational force of

attraction on one another with magnitude F given by

F =
Gm1m2

r2

where G is a measurable universal constant.
One of Newton’s first important applications of calculus was to show that the force of gravity

exerted by a spherical mass on a point particle outside the sphere is identical to that exerted
by a point particle at the centre of the sphere with the same mass (assuming the density of the
large mass within the sphere depends only on the distance from its centre).

In order to move a mass m that is a distance h from the centre of a massive sphere, such as
the Earth, out to infinity would require energy equal to mgh, where g is the acceleration due
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to gravity of the mass freely falling from the distance h. For this reason, the total energy of a
particle of massm in the vicinity of the Earth is given by

E =
1
2
mv2 –mgh

where the two terms represent the kinetic and potential energy of the mass respectively. The
quantity E is conserved, which is to say does not change unless the system is disturbed from
the outside.

Some Part 5 problems assume knowledge of calculus, meaning that they assume under-
standing of differentiation and integration of functions, familiarity with the rules that govern
these processes, and how they apply to the elementary functions, particularly polynomial, tri-
gonometric, and exponential functions. The chain rule arises in several of the problems along
with the fact that the maxima and minima of a function occurs at points where the derivative
is equal to zero.

Comments on movement problems

Problem 42 Another way of arriving at this answer is the hare and tortoise calculation, with
the hare standing for the minute hand, and tortoise the hour hand. At 1 o’clock, the hare is at
the 12 the while the tortoise is at the 1. At 1 : 05, the hare reaches the 1 but since 5 minutes is
1
12 of an hour and the tortoise moves at 1

12 of an hour per hour, the tortoise has moved forward
1
12 × 1

12 of an hour on the clock. When the hare has reached this point, the tortoise has moved
1
12 × 1

12 × 1
12 further around the circuit. The total length of time that the hare needs to catch

the tortoise is the therefore the sum of the geometric series that is emerging, namely:

t =
1
12

+
( 1
12

)2
+ · · · +

( 1
12

)n
+ · · · =

1
12

1 – 1
12

=
1
12

× 12
11

=
1
11

hours after 1.

As to the problem of the display clock, the answer is 18 6
13 minutes past the hour of 8, which is,

to the nearest second, 18 minutes and 28 seconds past 8.

Problem 44 Let us keep the cylinder intact and regard the curve as a motion of a particle.
By parameterizing the motion of the particle as a function of time we can calculate the
arc length. For those familiar with the technique, a suitable paramterization is (x, y, z) =
( 2

π
cos t, 2

π
sin t, 3t

2π ) with 0 ≤ t ≤ 8π : the upper limit of 4 × 2π = 8π allows the particle to
wind four times around the cylinder, the radius of which is 4

2π = 2
π
, while in 8π seconds the

particle moves 12 units in the z (horizontal) direction and that matches the gives formula as
3×8π
2π = 12. The arc length integral is then

L =
∫ 8π

0

√
x′(t)2 + y′(t)2 + z′(t)2 dt =

∫ 8π

0

√
4
π 2 sin

2 t +
4
π 2 cos

2 t +
9

4π 2 dt

=
∫ 8π

0

√
16 + 9
4π 2 dt =

5
2π

∫ 8π

0
dt =

5
2π

· 8π = 5 × 4 = 20.
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